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Paper No, Some kinematic considerations of tone
TIANC1 aeneration in axial turbomachinery.

by N.A, Cumpstv.
University of Cambridge.

Introduction

Kinematic consliderations apply severe restrictions
to the acoustic frequencies and modes which are wossible
from many processes in turbomachines. The best known
kinematic analvsis is due to Tyler and Sofrin (1).
They showed for the interaction at the n-th harmonic
between B rotor blades and V stator vanes that the
pressure signal is of the form

p(6,6) = 5 Ban exp{i(mO-nBRE+G)]

where the acoustic mode order is restricted to values
satisfving m=mR+kY , k being an arbitrarv integer. For
negative values of k it is possible for m to be much
smaller than nB and the acoustic pressure pattern can
rotate faster than the rotor. This has exrlained the
propagation along inlet and exhaust ducts of the tone
from rotor-stator interactions when the rotor tip speed
is subsonic.

Tones at blade passina frequencv due to the
interaction of the rotor with inflow distortion tend
nowadays to be a more serious rproblem. This was
sufficiently like the interaction of a rotor with stator
wakes that it seemed natural to identify the distortion
order, v ., with the number of stators, V. With Tyler
and Sofrin's result this lead to the intuitively
unreasonable conclusion that a low order distortion
could always produce a propagating mode (because of the
arbitrary integer, k). This also disagreed with the
result of Barry and Moore (2), who considered the
distortion to modulate the steadv blade force. This
discrepancy is easily cleared up bv the analysis given
below using a rotatinag co-ordinate system, but it
brings out an inherent assumption used by Tyler and
Sofrin which allowed them to have on analysis for
generation either on the rotor or on the stator.

An analysis in rotating co~ordinates is then
applied to the interaction of a sound wave with a
moving rotor. This is probably the cause of the sum
and difference tones usually found in the noise spectrum
from a multistage compressor or turbine.

Rotor-distortion tone generation

Suppose that a B bladed rotor (angular velocity U )
interacts with a distorted inflow, one component of
which is denoted bv Aexp(#ivf), « being the order -
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of distortion. In a frame of reference moving with the
rotor the frequencv experienced due to this one component
isvl and the pressure signal sensed bv an observer at

8z in the moving frame of reference due to any one

blade can be written

P(%>¢) =”€:\,‘ exp {(.(”‘ag -t + qb,..)}

where m is the order of the acoustic modes.

The blades are assumed identical, each vroducing
the same pressure signal but shifted in ohase. The
resultant pressure from all the blades can then be
written

8 _ .
P (%, )= 2 Z el g vnerlg) + ]
The summation over a leads to:

[
P(6,¢) =“§__Baﬂ exp{i(mbp - vt + ¢-.)}
if (m+v)/8 =n, an integer
and P(q"{-) =0 if (m+v)/B# an integer

The pressure can he referred to a stationarv frame
of reference, @ , bv@:=8+t which, together with the
restriction wm =nf-yv leads directlv to

P(6;¢) ig:‘..f e-*p{ (™9 ~nBAE + ¢,.:)}

m' is used to signifv that onlv values satisfying

m=nB-v are admissible. This eouation is
identical to that obtained by Tyler and Sofrin, except
that the expression for the modes, mm: a £-v, does not
contain the arbitrarv integer k, and this confirms the
result of Barry and Moore.

One can see from this the significance of the
integer k obtained bv Tvler and Sofrin. They
considered the interaction ‘events’' in statlonary
co-ordinates and it is only vossible to represent
generation on a rotor in stationary co-ordinates if the
event has infinitesimal circumferential width. This is
equivalent to representing the interaction by an array
of delta functions (infinitesimal width but finite"
integrated amplitude), and it is well known that the
harmonic analvsis of such an array contains all the
harmonics of the svacing at eguwal amplitude. The integer
k is then the harmonic of the distortion pattern.

One can represent a continuous distortion by a
continuous distribution of delta functions. If v is
used to denote the instaneous rotor position and & the
position of a stationarv observer, the pressure due to
an element of a v-th order distortion of width Jy can
be written

ple,¢) =“:”a exp {i[m(8-¢) - nBR(e-X)44.]] expleivy) Sv

The resultant pressure is the integral of this around
the circumference and in general this tends to zero.
For m-n@+v =0 ,however, it integrates to a form
essentially identical to that found using a rotating
frame of reference.

Knowing the order of distortion it is possible
to say at what rotor tip relative Mach number cut-off
will occur for a particular harmeonic nB. Since the



- cut-off ratioc more or less determines where the
far-field radiation peaks, one can sav from the field
shapes (knowing blade speed and number) what order of
distortion is important. From this one can arrive at
a good idea of the relevant source of distortion.
Because the order of distortion needed to produce a
propagating tone varies with the tip Mach number, it
follows that the tvpe and origin of the distortion
dominating the tone generation will also vary with tip
speed.

The interaction of a sound wave with a moving rotor

Suppose there is a sound wave of frequency W and
clrcumferential order h propagating along a duct in
which there is a rotor with B blades and an angular
velocity L . In a frame of reference moving with the
rotor the frequency 5ensed by the rotor is (W = JSA )
which is designated w*

When the acoustlc wave strikes a blade it causes
the blade to radiate, but the exact interaction may be

complicated. For the present it suffices toc assume
scattering occurs with sound in all possible modes being
produced by each blade. Then the pressure sensed by

a moving obServer at @ due to one blade is of the form

P(90:€) = 2 amexp[{(mBe-w't +¢u)

Each blade produces an identical distribution but shifted

in phase, and the resultant pressure is the sum from
all B blades,

- /! : '
P(a‘“t) :%’éqnexp[tim(qﬂ-;ggj-w(é-%ﬂ;%‘)4-Q.-a]}

The summation over g leads to

P(o”g.) }' Bq.‘ ezp{ (mQR w(-+¢~n)}
:Lf ("m*"\)/B =% = n an integer

and p(6::6)=0 if (-‘M-#A)/B # an integer

The pressure signal in stationary co-~ordinates
6 = 8 + NE is, on introducing w’z w-Jth
and the restriction on the modes wme

p(8, C‘) = g&\m. exp{i(an'é- W2ngRr)E + ¢_‘)}

where m' indicates that’ onlvy modes satisfying ™M= Atng
are admissible. The two signs, although strictly
unnecessary from the restriction to integer values of n
above, are used to draw attention to the sum and
difference tones produced by the interaction.

Consider the simplest case of two rotors on one
shaft. If the wave incident on rotor two originates
from rotor one interacting with a distortion of order V,
it can be seen at once that Azn#-v and the
circumferential phase velocitv of the incident wave
is w80 /(n,B-V) . The interaction of this
wave with the second rotor gives frequencies

016,_.n; 1)J1 with circumferential phase



velocities (m82a,8)Lf("8, 8, - v) . From
this it can bhe seen that the sum tones alwavs have

a lower phase velocity than the incident wave,whilst the
difference tone can have a verv much higher vhase
velocity. The cut-off ratioc 1s directly proportional
to the circumferential phase Velocity.
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