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1. INTRODUCTION

Acoustic tomography ls a very promising tool to study dynamics of the ocean
{1-5]. Being proposed by Munk and Wunsch [1], the program of global ocean
monitoring includes acoustic remote sensing of currents as 1its Iimportant
part. Determining sound speed ¢ and current veloclity u by means of ocean
acoustic tomography implies solution of an 1lnverse problem. This paper
treats a kinematic inverse problem (KIP)}, where acoustic travel times T for
various source-recelver separatlions are considered as input data.

A number of approaches to solve KIP in motionless medla were studied in
detall by many authors (see [6,7] and bilbliography thereln), but explicit
exact solutions were found only for layered medla. These solutions are based
on Abels's integral transformation. When a flow 1s present, fluld Is
acoustically anisotropic. Hence, solution of KIP becomes much more
complicated. If currents are slow, the inverse problem may be addresged via
linear inversion [3,4]. However, linearization with respect to u 1isn't
usually permlissible, when sound propagates through powerful currents such as
Gulf Stream. Another approach, to which this paper is devoted, conslsts in
generalization of some results, obtained earlier using Abels’s transformation
for media at rest, on moving media.

Present research is a part of theoretical study of possibilities of acoustic
monitoring of powerful oceanic currents from moving ships. It should be noted
that errors Ar in positioning of source and receiver give rise to significant
changes 4 T#Ar/c in travel times. For typical 4r/r and |3| values, 4 T is

greater than or comparable to the change AzTEur/cain travel times due to

flow. Nevertheless, one can measure the currents velocity by tomographical
techniques provided travel times in opposite directions are measured almost
simultaneously. In this case of reciprocal transmission the positioning
errors result only in relative error O(Ar/r) in estimate of u.

We shall consider KIP for layered media, in which sound veloclty ¢ and flow
veloclity u=(u1.u2.0) are functions of a vertical Cartesian coordinate 2.

Dependence T(?) of acoustlc pulses travel times on source-recelver separation
is taken as input data. For simplicity it 1s supposed that both source and
receiver are at the same depth z=z . Then T appears to be function of twe

variables : T=T(x,y). However, our goal conslsts in determining c(z) and i(z)
departing from values of T (for prgpagatlon in opposite directions) collected
along two nonparallel sections =re . .. where r=|?|. 21 2=const.

The problem of inversion of T(x,y) is well-posed, if in the given medlum
there are no horizons which are not turning horizons of any ray (B]. The
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solution of the problem in closed form is known for a particular case only,
when one of the Cartesian components of U is constant [8). However, even in
this case function of two variables T(x,y) is used as input data. In the
ocean experimental determination of such a function is quite unrealistic. To
simplify solution of the problem it is expedient to utilize smallness of flow
velocity U and variations of sound speed Ac compared;}o mean_;ound speed. In
the ocean typlcal values of flow's Mach number M=|U|/cs10 ~and Ac/c=0.03.
Taking into account smallness of these parameters makes 1t possible to find
explicit solution of KIP in moving media in terms of T values measured at two
nonparallel straight lines instead of the whole plane z=z . The approximate

solution of KIP is obtalned in Sect.2. Its accuracy and stability are studied
in Sect.3 using simulated data. Results are summarlized in Sect.4.

2. ANALYTIC SOLUTION OF THE INVERSE PROBLEM

Let sound source is situated at coordinates’ origin. Hence zo=0. Denote

c°=c(0], g e(u_,u__,0)=u(0), 3=(3L-V3)- v3=[vlcosw, v, siny,0),

10" 20
v3=t[(c°-33l)zc'a-vi ]1j%=ivcosx. P is a unit normal to wave front, vais a

vertical component of 3. ¥ ls a grazing angle. 3L=const at rays in layered
media. If ray reaches a turning horizon z=z ), where v3=0, and then returns to
plane z=0, wezhave [9,816.1]

'z
s ) 3. 2y 2 -1 r _ 2 -1
?=(x,y,0)-2£ dz[{co- v+ v, ) (e |v3[) .'T=2£ dz(e uv | ) (e |v3|) . (1)
To find a parameter 3L for a ray, which comes to a point, consider function

v=c T-3,2. It follows from (1) that dr/d =-F. By differentiating T with
respect to 3;- one finds 3l=c0dT/d?. This equation makes it possible to
express ?. T and T as function of 3l. In addition, it is straightforward to
find <, and ﬁo by consldering T(?)lat ?50. Therefore, we assume c_, 1,

0 o
T(x.¥), ?(x.w) and T(x,¥) to be known in what follows.

Suppose B=(u(z},0,0). Then F=(x,0,0) for rays with y=0 and ¥=n. By measuring

travel timgs along line y=240ne obtains two dependencies T >(x), which give

rise te t @ =t{yx,0) and Tt '=r(x,nm). (Here and below superscripts + and -

refer to quantities relevant to rays with ¢=0 and ¢=n respectively.)

According to (1)

¢(+]=T(+ Z 1/2

)(x)(cocosx+u°cosx}/200=frdz[[co-(u—uo)cosx)zc-a-cosax] . (2)

0
This is an integral equatlon with respect to functions u(z) and c(z). In
general moving medium the equation cannot be reduced to the Abel integral
equation (6] due to complicated dependence of the integrand on cosy. Note
that x EAc/cD«I. Values of cosy are very close for all refracted rays and

'(u—uolcosx may be substituted approximately by some function (u-uolg(z)
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independent on x. Let us take g(z)=(c°/c)B. fg=const. Omitting terms o(M®) in
radicand, we obtaH&)then the Abel integral equation with solution

n
z(nm)% 9—“)J‘ o' () n"-a1" %da (3)
g g, 2 -1 2+8
Here a=sin‘x, 7 =1-(c/c)*+2(u-y e “(c /c) **  velocities ¢ and u are
’ 9]
expressed In ferms of solutions z(n'"') of two Abel's equations as follows :
c=c°(1-0.Sn}ﬁ-O.Sn(-»F)-l“%. u=u°+0.25co('nhs-n‘-})} (C/CO}CEE_ (4)

Approximate solutlon (3}, (4) 1is obtalned under conditions M«1 and 12«1.
Under these very conditions the effectlve sound speed profile (ESSP) approxi-
mation becomes applicable. In framework of this approximation expressions for
T and_f at a ray colncide with those in motionless media with sound speed
c(z)+u(z), where u is the projection of u on the vertical plane, which
contains both source and recelver. Sclution of KIP within ESSP approximation
follows immediately from well-known solution of the inverse problem for
medium at rest : )

z(E‘t)]=% E_TE) S t(t’(a)[€

0
e=0.5[E""+E""], u=0.5(E"’-E"1, E =(c tu ) (1-§

It ie of importance, that estlmates of c(z) and u(z), which are valid at
higher grazing angles, than (3),(4) and (5),(6), can be obtained by using
solutions obtained above as Initlal approximations in iterative solution of
the exact integral equations. Derivation of one such wide-angle approximation
for ¢ and u is presented in [10].

Now consldes currents with arbitrarily changing direction of horlzontal {flow,
i.e. with u=(u1(z).u2(z).0). From (1) and inequality Mgt it follows that

1)

-1/2
al

da, (5)

w=0(u2/c] for all the rays coming to observation points at the line 2=z,

y=0. Hence, up to terms o) T{x,0) isn't affected by the transverse compo-
nent of the flow. ThereSore in the case ﬁ% hand Egs.(4},(6) give c(z) and
projectlon of ul(z} of 4. By measuring T = along two nonparallel straight

line one can find both compenents u‘(z] and uz(z) of the flow velocity.

x)

Note one more way of determining uziz}. Let T~ 'is measured along line y=0

and input data include also dependence Y(x,0). Then omitting terms o®) in
(1) one obtains from condition y=0 an integral equation of Abel’s type with
respect to uzlz]. Solving of the latter equation is straightforward.

3. PROPERTIES OF THE APPROXIMATE SOLUTIONS OF THE INVERSE PROBLEM

To begin with, consider the simplest particular case of fluid with linear
proflles c=co(1+Bz). u=coABz of flow and sound speeds. It is assumed Bz«1 and

A¢l.The results are set in Tab.1, where in the first column the gfoach used
for inversion is indlcated. The terms of the order of o(Bz).kz2 are

Proc.l.0.A. Vol 13 Part 9 (1991) 235




TRAVEL TIMES INVERSION

methodical errors, and using their explicit expression one ecan evaluate
accuracy of each method. One can see that the least error in reconstructlon
of profile of corresponds to wide-angle approximation and method (3), (4)
under optimal value 5/4 of parameter_B. Relative errors in reconstruction of
u(z) are equal 0(u/c°) and 0((Ac/c°)2) respectively. Inversions by Egs. (5),

{6) and Eqs. (3), (4) (with B#5/4) have similar accuracy.

Results of inversion

Approach C/co “fco

Egs. (3),(4) | 1+Bz- % A%8%22 | ABz+(g- %)wzz”m(m%")

Eqs. (5),(6) | 1+Bz- % A2?22 ABz- 1 AB%Z*
Wide-angle _ 7 ,2.2 2 5 ,2.2 2
approximatlon 1+4Bz- 3 AB 2z 6BZ+ gABz

Tab.1 Results of analytic solution of KIP by varlous approximate methods.

Evaluation of the results of inversion demands use of a micro computer, when
original profiles of ¢ and 41 are more complicated. Accuracy and stability of
three methods of nonperturbative inversion, considered in Sect.2, were
studied by solving KIP with simulated 1input data. Typical results of
numerical experiments for three various enviFﬂpments are illustrated by Figs.
1-4. In these examples u2=O and values of T~ (x,0) calculated at N discrete

polints are used to simulate measured data.

{1) Consider inverse problem for a model case, in which flow's Mach number
and grazing angles are large compared to their values In the ocean, but small
compared to 1. Original c(z) and u(z) profiles and results of travel times
inversion are shown at Fig.1. Accuracy of the results of different inversion
methods are in good agreement with the accuracy estimates derived above for
medium with linear c(z) and u(z) profiles. The wide-angle approximation gives
the best results. Difference between origlnal c(z) and all its estimates is
too small to be seen at the figure.

The above Iinversion formulas involve contlnuous data. It 1s of great
importance for practical implementation, what amount of input information is
really needed to find c(z) and u(z). This question is addressed at Fig.2 via
wide-angle approximation. In spite of complex shape of original profiles it
turns out, that satisfactory accuracy of the lnversion ls preserved even when
the travel times along only 15 rays {in each direction) are given.

{i1) Conslder ¢ and u proflles (Fig.3) typical tc Gulf Stream as the next
example. Source and receiver are at SOFAR axis at depth z°=1100 m. c(z) and

u(z) are assumed to be known at z>zo. The problem conslsts in determining

c(z) and ulz) abOV?”the uaVﬁﬁuide's axis. In the medium at hand the travel
times dlfference T (x,0)-T "(x,0) due to current mounts to 15 ms per ray

cycle. Equations (3), (4) with B=5/4 are used to solve the inverse problem.
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The root mean square and maximum_grrors of inversion ofésound speed and flog
velocity turn out to be ¢ =4-10" m/s, |éuf  =1.2:10° m/s and ¢ =1.3-10"

ws, |sc| =7.8:107 ws.

z- !8-,2 m

Fig.1 Numerjical experiment on
travel times inverslion. Original
profiles cl(z) (i) and wu(z) (2)
are shown by solid lines.
Results of c¢(z) Iinverslon Iis
shown by dark circles. Estimates
of u(z) obtained using Eqs.
(3},(4) with B=0 and pB=5/4 as
well as using wide-angle
approximation are shown
respectively by squares, light
and dark clrcles. Total number

ﬂ‘ i T N S U U N B | =o, =1500 .
o - J “-'“L'aHIJ, u, M[! of rays N=10 co m/s

Ti1 11t +r07T0 v T °F
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Fig.2 Influence of number of
rays used on accuracy of
inversion of c(z) (1) and ul(z)
(2}. Original profiles are shown
by solid 1lines. Light clrcles,
dark  circles and dashed line
stand for results of inversion
with N=50, N=20, N=15 and N=10
respectively.
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Let the source and receiver move with respect to the ocean bottom with
velocity equal to flow velocity at 2=0, l.e. at the surface of the ocean.
This is to model ships’ drift, which is wusuvally present in oceanic
experiments. Under these conditions solution of KIP using (3}, (4) with
B=5/4,_§=100 has errors sim{%ar toe that in ggg previous problem.‘gﬁmely,
v =4-10 n's, |8u|mﬂx=1.5-10 m/’s, ¢.=1.2-10° w/s, |6c]mmx=7.1-10 n's.

Hence, accuracy of the inversion isn't affected by the drift.

(111) Experimentally measured travel times unavolidably have some errors. To
simulate these errors exact input wvalues T(x,0) were substituted by
T{x,0]+elej+acsxj|le. Here £, and £ are amplitudes of random and systematlc

erraors, ej is a stochastic quantity with |95|51' ¢=(m?x x.j)"1 is a

normalizing constant. To model relative clock drift at two ships, the
systematic error has different signs for rays propagating 1in opposite
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directlons., Fig.4 1llustrates solution of the inverse problem within wide-
angle approximation for a medium with linear dependencies u(z) and c(z)=1500
+0.02z, where ¢ is expressed in m/s and 2z In meters. In three cases, when
cA=3 ms, ss=0; eA=2 ms, cs=1 ms; cA=0. es=3 ms, errors in inversed c(z) are

respectively ¢ =4.8:107° w/s, |8c| =11-107 w/s; ¢ =5.6:107 w/s,
|8c| =1.5-107 m/s end ©=2.7-10"% /s, |8c| =1.3-10"" m/s. Note that
max < max

errors up to 3 ms in the travel times can't prevent from satisfactory
inversion in the case consldered.
f -z 107'm

Fig.3 Solution of KIP under
conditions typical to  Gulf
Stream. Original and estimated
profiles of c(z) (1) and ul(z)
(2) are shown by solid lines and
by light circles, respectlvely.
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1 Fig.4 Effect of random and
=g ' systematic errors 1in travel
_ZBBT _ times on estimates of u(z).
-a0ok - Original profile (1) is compared
-40p / with results of inversion, when
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4. CONCLUSICN

Several approaches are developed to solve the kinematic inverse problem of
ray acoustics in moving layered media. These approaches are extensions of
some known methods [6,7] designed for media at rest. The equations obtained
are appliable for all possible values of current velocity and grazing angles
of refracted rays in the ocean. Analogous approaches to companion problem, in
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which modes can be resolved instead of rays, are developed in [11). Some
additlonal tomographic schemes and corresponding modifications of the
inversion procedures are considered in [10].

Two main shortcomings should be noted. (i) Extension of our methods on range-
dependent environments isn't straightforward. (11) It is difficult to use any
a prlorl knowledge of medium’s properties to improve the inversion.

The main advantage of our methods is lts nonperturbative nature. That 1s, any
reference profiles of c(z) and U(z) are not used during the inversion.
Numerical 1implementation of the solution of the inverse problenm doesn't
require significant computer time and memory. Although integrals over
continuous variables enter the lnversion formulas, in fact the solution may
be found using discrete and rather sparse input data. In practice, it is
expedient to use the nonperturbative methods of inversion to obtalin some
jnitial estimate of ¢ and vertical dependence, which can be refined,
including determining ¢ and u varlability in horizontal plane, via standard
linear inversion.
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