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0. ABSTRACT

This paper describes a new class of adaptive filter. The filter
attempts to match the variance spectrum of its output to a
desired spectrum vector, specified by the user. The filtering
operation is performed in the time domain. although the system
is "programmed" and adapts in the frequency domain. This
cross-domain operation is not typical of previously reported
systems. The finite order approximation of arbitrary length
fractional Brownian motion ("me") noise sequences is described
as an application of the adaptive system.

1. INTRODUCTION

Although early applications of adaptive signal processing were
developed in the time domain, the concept of "frequency domain
adaptive filters” [1] has produced a useful set of devices now
commercially exploited in equalisation systems etc.. These
systems offer one approach to the realisation of adaptive
filters having an autoregressive impulse response (or, at least,
"AR-like") and this quality motivated much of the initial
research into frequency domain implementations.

This paper describes a new system in which a transversal (time
domain) adaptive filter's weights are updated according to a
"stochastic gradient" [2] search of a f e uenc domain
performance surface. The filter attempts to match the variance
spectrum of its output with a "desired" spectrum input, applied
to the system by the user as a programming input.

 

since- the system is only attempting to match the power spectrum
of its output with a desired spectrum, the adaptive filter does
not exploit or need any correlation between the signals at its
"reference" and "desired" inputs. This is markedly different
from most adaptive filtering algorithms, which usually rely upon
such correlation.
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2. THE ADAPTIVE SPECTRAL SHAPING ALGORITHM

Given a finite order transveral filter. characterised by its
impulse response vector W, length N, the filter's response can
be written as:

n = mm ' ’ (1)
where 13 is the vector of the N most recent outputs, y:

D = E yn, yr-z, n-u-an

and [Xx] is a matrix of filter input samples:

[Xi] = xx Xk-l XI-z ..... xx-(u-t)
Xk-l xk-2 ...-... Xk-l

Xl-(I-1)¢---..... XI-2(l-l)

Equation 1, whilst valid for a fixed weight vector, is
approximately true 9; an adaptive system, proviggg that the
update spggd is small.

The frequency content of the output vector 1’ can be evaluated
hyJ applying a discrete Fourier transform, using a DFT matrix
3 :

1: m u 7 (2)
where g is the vector representing the DFT of y (N elements) and
[F] is the DFT matrix. The nth. element of X_may be evaluated
using:

Yn = Pa?” (3)

where Fn' is the nth. row of the DFT matrix.

A raw estimate of the power content of y lying in spectral bin n
is given by:

5n = Yn Yn '

= Fu’b . FJD (4)

where ' denotes complex conjgate and T denotes conjugate
transpose.
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If the output desired output spectrum is specified by a vector Q
(which has N elements) then the raw spectral error in bin n is
given by:

e.. = dn - Sn

= an - mnrn’fn (s)

A positive definite measure of spectral error is obtained by
squaring equation 5:

en2 = d“2 - 26n1}*FnFn1} +

(nrrnrhw (e)

A standard approach to the design of adaptive filter update
algorithms is the "stochastic gradient" technique, in which the
,controllable parameters of the filter are adjusted according to
the gradient of an instantaneous cost function.

In the adaptive spectral shaping application, it is required to
minimise the mean square spectral error in each of the N
spectral bins. Using the stochastic gradient method, an update
algorithm for the filter weights w is defined from the gradient
of the instantaneous spectral error, equation 6.

Substituting for x; in equation 6, from equation 1. gives:

e.,2 = on: — zanqunwrnnl [Xk]Wk

+ (wirzxxrnra’f (x. 1m): (7)

which can be differentiated with respect to the controllable
weight vector, W, to yield:

d/dWl (en’) = -2(yn[Xx]“I-‘n‘len (a)

The equation above describes the gradient of the spectral error
in bin n with respect to the time domain weights W. In order to
minimise the error in each spectral bin, the total update
applied to the weight vector must comprise a contribution from
each bin (i.e. from each value of frequency index n). The
simplest approach uses an unweighted summation over frequency to
define the total update :
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W1“; = Nu 9' 0.2 YnEXkl’Fn'en (9)
H

where a is the conventional update speed parameter. stability of

the update process is dependant upon the statistics of the x

a put sequence, the desired spectrum, filter order and choice of

a pha. The adaption rates used in simulations of the system were

chosen by trial and error - in view of the complexity of the

update algorithm, it is suggested that an exact analysis of the

stable bounds of the system would be intractable.

  

Although equation 9 represents the simplest possible update

equation for the stochastic gradient spectral shaping filter,

tie authors have evaluated several modifications, the most

‘ ortant of which are described below.

  

2.1 Filter Update Rate

Although equation 9 defines a filter update step for each

iteration index, the authors have found that it is possible for

the system to converge to acceptable solutions if the weights

are updated at frequencies lower than 1 update / N samples.

This reduced update rate also allows for a limited amount of

smoothing on the power spectral estimates, which appears to

assist the adaptive filter's convergence speed (such smoothing

of the cost function reduces the update noise inherant in the

stochastic gradient approach).

2.2 Data windowing
The windows applied to the data before transforming in the

analysis above are all rectangular. This can introduce spectral

leakage from adjacent bins which limits the performance of the

spectral shaping system. Laboratory simulations of the adaptive

system applied standard Hanning windows to the data vectors

before the DFT operations.

The structure used to implement an adaptive filter controlled by

an update algorithm such as equation 9 is shown in figure 1.

3. EXAMPLE - APPROXIMATING me SEQUENCES

One dimensional "fractional Brownian motion" noise sequences may
be characterised by their auto power spectra, which have form:

an = A F9 (10)
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where A is a positive real scaling factor andp is the "spectral
exponent". Although such noise sequences are widespread in
biological, physical and electronic systems, the mechanisms
responsible for their generation are not well understood. It is
not, for example, possible to derive a finite order generating
filter which will operate upon a white noise input to generate
1/f noise [4]‘

 

Current techniques for generating these noise sequences. of
which the "Inverse EFT" method is the most widely used {5].
yield only finite length results. If a longer noise sequence is
required then either a larger FFT must be used, or multiple
records must he spliced together. The approximation of fsm
sequences is an ideal application for the adaptive spectral
shaping filter described above, particularly for small values of
spectral exponent.

If the desired noise spectrum is applied to the "D" input of the
shaping filter and white noise, 9r_an1 reasonably flat Eggs:
seguence. is applied at the "x" i.put then, after convergence.
the filter produces a finite are r estimate of the specified
noise. The sequence length is only limited by the length of the
input noise sequence, which could be derived from a random
number generator and so be of effectively infinite length.

 

An example of the power spectrum of the output of the adapt?
spectral shaping filter when approximating l/f noise is
presented as Figure 2. The _data presented in Figure 2 was
generated by an adaptive filter having 32 controllable weights,
giving 15 controllable frequency bins (plus d.c. and half sample
frequency). The low frequency bins were power limited, as the
infinite power required at d.c. is obviously impractical

The order of the filter used in the spectral shaping system can
be increased to give a larger number of controllable frequency
bins, although the order is effectively limited by the speed cf
the hardware available; the update algorithm, 9, represents a
considerable computational load.

4. CONCLUDING REMARKS

It has been demonstrated that it is possible to control the
weights of an adaptive transversal filter using a stochastic
gradient search of a frequency domain performance surface.
Although the authors have considered only the spectral shaping
application described in this paper, it it possible that such an
approach could be usefully applied in other adaptive modelling
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and estimation applications; there remains considerable scope
for further investigation of the "cross domain" adaptive filter

architecture.
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Figure 1. Adaptive Spectral Shaping System
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Figure 2. Power Spectrum of Blst. Order Estimate of l/f Noise
(white noise used as input)
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