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1 . INTRODUCTION

The purpose of this paper is to introduce the concepts of filtering and
prediction when consideredin the context of active noise control. In order
to illustrate the essence of these processes, active control mechanisms _are

presented for minimising the time—averaged squared pressure at a point on a

spherical surface whose origin lies at the centre of a free field
primary-secondary source pair. The secondary source is constrained to act
causally with respect to the primary source,

at points on the surface which are closest to the secondary source,

complete cancellation of the acoustic pressure is achievable since the
secondary source needs only to act in response to the primary source and is

therefore derived from it via a linear filter. At those remaining points

closest to the primary source however, the optimal secondary' source strength

is derived from solving a predictor equation since now the secondary source
must anticipate, and therefore predict the primary radiation at some time in

the future from some current estimate of the primary source radiation

statistics. The predictor equation arises quite naturally from any

optimisation where causality is imposed and the source geometry requires that

the secondary source needs to act in advance of the primary source [1).

The essence of the approach taken here has been presented by Nelson at at. [2]

in deriving the optimal causal relationship betweena secondary and primary

source when the total power output of the combination is minimised.

The predictor equation arising from this analysis is solved to obtain the
optimal predictor where the primary radiation is obtained from filtered white

noise and where the shaping filter is of second order. This analysis

demonstrates that the degree of acoustic suppression_ attainable Varies with

the primary source autocorrelation function, the primary-secondary source

separation and ultimately the point of suppression on the surface. _'l‘he
analysis further demonstrates that in the limiting case of white noise, the

predictor equation assumes a trivial solution and is thereEoze redundant since

white noise is totally uncorrelated with itself at any later time, and is
therefore totally unpredictable.

2. THE WING EQUATION FOR TEE GUSALL‘I oous‘mum' MINIMUM
SQUARE) {mews

consider a free—field primary—secondary source pair qp(t), q5(t)
separated by a distance d. Pig. 1. Midway between the source pair is the
centre of a sphere o o£ radius R on whose surface the squared pressure at any
given point P is to be minimised. ‘ ' '
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The time-averaged squared pressure at P is given by

T _ _ 1

(page), = m. g; [M +M] at m
T-w a: P 5

where Z is an impedance tern pot/4n, rp‘ = R2 + (d/z)z — Rd cos 9.

rs‘ =R‘ + (d/Z)‘ 4- Rd cos a and po and c are the density and sound speed

oE the medium. The integral is assumed to converge. If c1301) is driven by

.qpu) Via some causal inter whose impulse response function is h(‘r), then

G

that) = I Mr) qpcc - fich- (2)
0

Substituting (2) into (1) and expanding yields

. U 2 a:

{pump = 2:} [ii—9’“3: 2 . EL—(c- res.) hm SIDE: rags and,
:5. :9 r5

—w

+. firm-0mm) q—D—L' “15—9——T’: ‘15—“'=——1—-’°‘ T ’ d1'd1’11dt (a)
o o . - 9

Where the 'linl' formalism has been dropped.
1.

Rearranging the order at operation: allows the time-averaged squared

pressure to be formulated in terms of the primary source autocortelation

function Refit“ t2). where

m

“ppuutn = qpunqpu.) = I meme"; + war (4)
'0

and -r=t:-t,..

If new the analysis is restricted to stationary random processes such that

the source statistics are independent 0! any shift in the origin of time then

Ema-tn = amt. — i.)

am so RPPU') represents the tips-averaged or 'expected value' of the

product qp(t) and itself qp(t f 1') at a time 1- later. Thus
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w

z ' z (22 z— - 131;":(p (11.9» = z {9 + rpra Ioh(r)Rpp(1' ( c ))dr

6 w1+ a: [Jomnmnmppu — 1-I yawn] (5)

The objective now is to Minimise this quantity with respect to the optimal

causal. impulse response function h°(1’).

mpanding 11(7) into the unknown optimal impulse response 119(1) plus

some 'error' term ehdr)

M1") = h°(1') + aha-r). (6)

Any choice of the variational parameter 5 effects an increase in (92013)»,

and is therefore stationary about 6 = 0, i.e..

I

(’—‘%"'—°”—.)g=o = 0 (7)

Substituting (6) into (5), expanding in powers of e and isolating the linear

term according to (7) yields ' '

a
_2_ - Eula{PIS Iongumppu c )d'r

1 a a

+ r'_z I I (harmatm + hammer»:sz - 1mm, = o (a)
5 o o

interchanging the dung variables 1' end 1" on the product h¢(11)ho(-r)

facilitates the factorization of the unknown error term he”) from (B)

leaving the condition (5) on huh-L)

m

IhoUinpU " mm = -(rs/rp)Rpp_(r - (ED-ELEM for 1- » o (9)
0

since h,(-r) is completely arbitrary and at o.

This is a {on of the veil. known Wienerhflopf inhomogeneous integral

equation for obtaining the least squares optimal. impulse response function.

Note that it is only the range of integration of 1" and the restriction on

7 that ensures causality.
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The interpretation of (9) is clear; given qp(t) we need to deduce

qp(t - n) where n = (rP - r5)/c.

For n i O, i.e.. rp > :5. h°(1',) is termed a filter since its role is

to derive some current or past value from some present value of the input

signal. For n < a or rs ) rp however. h°(‘rl) must estimate the primary

radiation at some time in the {uture from some current estimate of the source

statistics and is theretore termed a predictor. '-

3. PILTEMNG AND PREDICK‘ION

M the point at cancellation P moves over the surface of the sphere.

both filtering and prediction regimes are encountered depending Upon which of

the source radiation travel times to the point P is the shorter. Each will

now be considered in order to establish the degree of acoustic suppression

that each affords.

3.1 The Filtering Domain rn > I:

For I? > r5. (9) has a simple solution. By inspection

num) = - E: m. - (595-53)) (10)

from which. was. deduce that

qs(:)=1'§:qp(t — rpm (11)

Substituting (ll) for qs(t) back into (1) demonstrates that the squared

pressure at P may be driven to zero for all time independent of the nature

of the primary source radiation

<p=(e,n)) = o for :9 > r; (12)

This or course assumes thatin practice an instantaneous measurement of the

primary source strength is available and there are no runner delays

introduced by the detection and processing of this source strength in a

practical system.

3.2 THE PIMICtXOII NEIL”! XS ) In

For r5 ) rp, the controlling secondary source must extrnct

information from the current primary radiation in an attempt to predict it at

some time in the future. he predictability of the primary signal Hill
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clearly depend upon its autocorrelation function. a measure of how well the
signal is linearly related to itself at some later tune (or before).

The procedure for the calculation 0: the optimal predictor 1:. given in
standard texts (see [3]).

'me trmsfer_functlon of the optimal predictor Huts) ls calculated from

342(3) = Hl_‘(§)“z(3) (13)

where alts) 15 the transfer function of the shaping filter and 51(5) 13

the transfer function of the filter impulse response function shifted forums

in tune by an amount n. 1.e..

39(5) = L(ho("—)}

RAB) = L("("-))

figs) = [-(‘flt 4’ 11))

where 1. denotes the one-sided Laplace transform and v(t) is the filter

impulse response function

4. AN mu: OF AN OHM PREDICLDR

The procedure outlined above for obtaining the optimal predictor is non
illustrated for primary source radiation obtained {ruin white noise filtered

through the Enter most commonly occurrlng in sound and vibration phenomena.
the second order resonator, 1,.e.,

l ‘
‘51(5) = s: + “ans + on; (u)

and

— tv”, = Wie§_2:)e "“n 5m urn/(1 -c‘)t (15)

Where «in am 4 are the Ellter‘s natural frequency and damping ratio
respectively (see Figure 2). constructing v(t + n) and performing the
inverse Laplace transform yields '

= _fi__ ‘Cuhnfl

at") «(1 — 6-)“

x [gnu/(1 - (Hoes guy/(1 — cfm + s align/(1 —' inn]
3‘ + zen: s + u ‘
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«mum; darlvatlon o! the optimal predlctor 59(3) which 15 thus

given by V .

sou) = agnni‘ts)

32—“)“nsin u {(1- z‘m

tom/u — c') ‘1"= {mm cos urn/(1 — cl )1] +

 

Thus the_'btst' least squares pxeaiction of Mt) at a tune n in the

future qpu + n). is therefore

qsm = tipu + n)

(“W sin gum — <=)n gnu)=_59 ‘(Wnn _ zISte cos any/(1 c )11 51p“)+ “n,” _ <2)

(17)

Note that nut only the current 13:11me signal qP(t) but also its temporal

derivative qut) is employed in derivth the optimal prediction.

Substituting (17) for q5(t) 1n (1) and expanding gives the rasidual

squared gtessure at P nice: active control.

.- z'
_

when)» = fish: + u‘)RpP(O) _ zappfiLch)

+ zmpl;(°) ‘5' ZIDRPflgsz—r'g) + B‘Réétofl for r, > IP

(13)

mete

-cunn sin unfll - 6‘ )n
-cn>nn _ E____..___.a=a cos unfli- C‘M. 0a un“;_‘z)

. _ ,- .
and tens Xxxe RpP(-5—nc ) Hue tuned item

WEE—gin) .-. (qpu — xP/cfipu — rule»,
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Note that in deriving (18) use has been made of the odd and

anti—commutative properties of the cross correlation function,

RKy(—-r) = —ny('r) and WT) = -ny('r).

Before proceeding to consider the problem for arbitrary n. consider the

specialcasesof 11:0 andn=-m. For 11:0. o=l and 0:0,

therefore (pz( n/Z.R)> _= 0, corresponding to the case where the radiation

traVel times from both sourcas to the point P are identical. Thus providing
the secondary source simultaneously mimics the primary source in antiphase
then complete cancellation of the acoustic presure is possible.

For n = -m however, a = B = a so that <P‘(0.¢)) = (‘zl/IS)RPP(°))I
demnstrating the redundance of active control mechanisms When the secondary

source is infinitely remote from the primary source.

Returning to the general solution (18). Vnere the time averaged squared

pressure at P is formulated in terms of Rppun, Rpgn) and 3990)). then

for a Eilter whose impulse response is w(‘r) and whose inputis vlhite noise.

FppU'l) = "(1') ' "(1') (19)

where ' denotes convolution.

For the second order'filter (u) Whose impulse response is

'C“nt - z= . - 1 - t 15"(11) {(1 _ ‘ 3e 31" “n/( C) ( )

then from (19)

"h’nn

appun = Elli—{cos unvu — mu f 7715—42) sin UnI/(l — Mn] (20)

The remaining functions Rpgr) and R5”) may be obtained from
(20) via the relationships

Rpgm = a; upptn) (21)

and

Egan) = - ‘72.; x9901) (22)

Performing the differentiation
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«man I
- =_2ne____ _ z _£_‘£n_._ _ 2

11mm) 3: [um/(1 c )n +‘K1 _ cz)>]sxn Orv/(1 c )n (22)

and

" :90: _‘“n" .. z _ ._L__._
39pm) 9‘, 2 [cos anal c )n (“hm

+ ({(1 - (1)) sin tony/(1 — (571] I see below

There fore

2
9n-

Rep”) = 3‘
(24)

Note that the contribution to (18) from manage) = 0. since 1191.,(0) = 0.

me expression ,(ls) for the time-averaged pressure at P now

reduces to

2‘
_ . _ z a.

when); = ;;;[(1 + as)?“ — zapp(5=—C—EP) + zaupp(5=c—‘9)+ 9%] (25)

where Rpp(n) and 39;,(11) are now completely defined.

i

' 5. DISCUSSION or assums

Expressions (12) and (25) for the time—averaged squared pressure at P are

now evaluated as a fraction of the primary source pressure in the absence of

the secondary source and as a function of the azimuthal angle 9 around the

sphere. Note that this is essentially a two dimensional problem since the

difference in source traveltimes to the point P is independent of any polar

angle 0. Thus for a sphere of radius 200 m and a source separation of

100 In. the residual pressure at the point P after active control is shown in

Pig. 3. where the filter centre frequency is 100 rad/s. Although these

parlmters are artificial in terms of attempting to model a realistic active

noise control problem, they do serve to illustrate the essential features of

the prediction process.

"the authors have experienced some difficulty in evaluating 115(0) using

this method since 15901) becomes poorly conditioned for n - 0. However,

since the contribution from this term to the residual squared pressure is only

second order in D. the errors arising from this simplification are believed

to be negligible.
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For a < e < 17/2 and arr/2 ‘ 9 < 2w, 17 is closest to the secondary

source and is therefore driven to zero for all time. (1:). At those remaining

angles. however. where P is closest to the primary source. the extent to
which the acoustic pressure is suppressed is a function of the nature of the
primary radiation which in turn is a function of the filter damping ratio c.

For ( = 1. the filter is critically damped and therefore very nearly passes

all frequency components such that the noise from the filteris very nearly

'white'. Such a signal_is almstjotally unpredictable as is manifest by the
sudden rise in the residual squared pressure ratio to l at 6 = 11/2. However,
since the signal is only nearly white, _the corners of the residual pressure

profile are rounded. Theabsolute unpredictability of white noise may be

demonstrated formally by returning to the Wiener equation (lo) where for white

noise Rpgt'r + ((rs - rP)/c)) is a Dirac delta function centred on

'r = -'((r3 - rP)/c) and is therefore 0 for 1‘ > O. The optimal predictor

h°('r) therefore assumesi-the unique, trivial solution h°(r) = o from which

q5(t) = 0 indicating the redundance of active control methods for this type
of signal.

As 4 - a. the filter bandwidths becomes increasingly narrower from

which the noise becomes increasingly deterministic. in the limit c = 0, the

filter bandwidth is sufficiently small so as to allow only a pure toneof the
filter centre frequency to pass through. attenuating all other frequencies to

insignificant levels. Since any purely sinusoidal signal is completely

deterministic, the acoustic pressure may be driven to zero'at all time. '

Returning now to a more realistic free—space geometry where the source

separation is 1 m and the radius of cancellation is 3 m. For this example,

the primary source spectrum is altered by adjusting the filter centre_

frequency from 200 Hz to 3 K3: in 400 Hz increments. the filter damping c is

set to 0.01. Fig. 4.

Again. complete pressure cancellation is achieved at points on the_ar'c

where hu(r) is a filter and less than perfect cancellation at those remaining

points. Note that as the filter centre frequency increases, the residue

pressure profile takes on more structure. This is because-of increasingly

larger variations of the correlation functions 'in (25) for the optimal

prediction, compared with the wavelength from those frequencies contributing
mst significantly to the primary source spectrum, i.e., those nearest to the

filter centre frequency. on.

Kore importantly, however, is to note that even at e = 1.- wn'ere h°(-r)
must predict furthest in the future. on average. the squared pressure
may still be driven to less than one fifth its original value.

6. WIONS

The primary objective at this paper is to dispel the possible
misconception that active control methods are redundant when thesource
geometry demands that an active secondary source neds to act in advance of a
primary source whose sound field it is attempting to suppress. By example.

Procl.O.A. Vol 3 Par” (1987) ' 233 .
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this paper has shown that significant reductions in the tune—averaged squared

pressure may be achieved. even when the point of cancellation is appreciably

closer to the primary source whose radiation is significantly 'rendom'

These results have particular significance to 80m practical active noise

control implementations were real-time algorithms are employed which utilise

the same least squares criterion for minimisation [4].
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