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1., INTRODUCTION

The purpose of this paper is to introduce the concepts of filtering and
prediction when considered in the context of active noise control. In order
to illustrate the essence of theae processes, active control mechanisms are
presented for minimising the time-averaged squared pressure at a point on a
spherical surface whose origin lies at the centre of a free field
primary-secondary aource pair. The secondary source is constrained to act
causally with respect to the primary scurce,

At points on the surface which are clogest to the secondary source,
complete cancellation of the acoustic pressaure is achievable since the
secondary scurce needs only to act in response to the primary source and is
therefore derived from it via a linear filter. At those remaining points
clogest to the primary source however, the optimal secondary source strength
1 derived from solving a predictor equation since now the secondary source
must anticipate, and therefore predict the primary radiation at some time in
the future from some current éstimate of the primary source radiation
statistica, The predictor equation arises qui'.te naturally from any
optimisation where causality is imposed and the source gecmetry requires that
the secondary source needs to act in advance of the primary souxce (1].

The essence of the approach taken here has heen presented by Nelson et al [2]
in deriving the optimal causal relationship between a secondary and primary
gource when the total power output of the combination is minimised.

The predictor equation arising from this analysis is solved to obtain tha
optimal predictor where the primary radiation is obtained from filtered white
noise and where the shaping filter is of second ordef. Thiz analysis
demonatrates that the degree of acoustic suppression attainable varies with
tha primary source autocorrelation function, the primary-secondary source
separation and ultimately the point of suppression on the surface.  The
analysia further demonatrates that in the limiting case of white poise, the
predictor equation assumes a trivial solution and is therefore redundant since
white noise is totally uncorrelated with 1tae1f at any later time, and is
therefore totally unpredictable.

2. THE GOVERNING EQUATION FOR THE CAUSALLY CONSTRAINED MINIMUM

Conalder a free—field primary-sacondary source pair dqp(t). Qg(t) -
separated by a distance 4, Fig. 1. Midway between the source pair is the
centre of a aphere O of radius R on whose surface the squared pressure at any
given point P i3 to e minimised,
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The tilne-averaged squared pressure at P 13 given by
z‘Tq(t—r -3 (t - rg/c)]®
¢<p*(R,8)> = lim ﬁj [_n---——ﬂ’—r + .‘!ﬂ_r-ﬂ—-] at (1)
- T—x -7 P a

where T 18 an impedance term poc/4m, Ip* = R + (4/2)% — R cos 8,
rg? = R*+ (4/2)* + Rl coa @8 and p, and c© are the density and sound speed

of the medium. The integral is assumed to converge. If qg(t) 1is driven by
i qp(t) wia some causal filter whose impulse response furction is nN(T), then

o
qe(t) = J' n(t) gglt - T)dr (2)
o

Substituting (2) into (1) and expanding yields

o 2 - -]
<p*(R,8)> = 22| [‘—‘P(" = Ip/C) , 29plt = Ip/€) [y SolE = Lale = Tlar
Ip Tp s

+, J‘mrh('r)h(n) Gt - Ig/c - ﬂq—"(zt - Tgfc Z T3 drdf,.]dt (3
B rs
- wWhare the 'lim* formalism has been dropped.

i
Rearranging tha order of operations allows the time—-averaged squared
pressure to ba formulated in terms of the primary mource autocorrelation
function Rp_p(‘tx- t, ). where

o
Rop(t,.%3) = Gpit, )ap(ty) = I aplt, )l + T)AT (+)
-

and T =t - t,.

If now the analysis is restricted to statlionary random procegses such that
the source statistica are independent of any shift in the origin of time then

Rpp(t,.te) = Rpplt: - &)

and 80 Rpp('r) represents the time—averaged or rexpected value' of the
product qp(t) and itaself qp(t. + T)ata time T later. Thus
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2 = g (93 , - Jz.__a
PR, 0} z[‘-‘ggz :p: In(r)npp(r ( yyar

- -]
+ r—li I [ BTIN(T, Rpp( T — T,')d‘rd‘r_,_] (s)
00

The objective now ia to minimise this guantity with respect to the optima)
causal impulse response function hg(T).

Expanding h(T) into the unknown optimal impulae reaponse hy(T) plus
saome ‘error’ term «hg(T)

N{T) = Ny(T) + ahelT). (&)

Any cholce of the variational parameter < effects an increase in <p2(R,0),
and is therefore stationary about « = 0, i.e.,

2,
(i(a_.e_l.)e_ =0 . (7}

Subatituting (6) into (5). expa.nding in powera of < and isolating the linear
term according to (7} ylelds ’

-]
2 ‘" =
= Iohe('r)ﬁ.pp(f - Eﬂ—é—fﬂ)ar

.
& 2o [ (hetmIno(ry) + DeCru Mol TIIRGp( T = Tu)aTaT, =0 (B)
3 ‘oo

Interchanging the dummy veriables T &nd T, on the product he(T, Whal{T)
facllitates the factorization of the unXnown error term hy(T) f£from (8)
leaving the condition (9) on MNhg(T,)

[ notraRpptr = midaTy = <Ta/zpIRpptT - (B-—R)) for 7 > 0 (s)
[+

since hg{T) 13 completely arbitrary and # O.

This is a form of the well known Wiener-Hopf inhomogeneous integral
equation for obtaining the least squares optimal impulse response function.
Note that it is only the range of integration of T, and the restriction on
T that ensures causality.

Proc..O.A Vol 3 Part3 (1987) 227




-Proceedings of The Institute of Acoustics

CAUSALITY, PILTERING AND PREDICTIOH IN ACTIVE NOISE CONTROL

The interpretation of (9) is clear) given qp(t) we need to deduce
qp(t - n) vhere n = (rp - Ia)/C.

Por n >0, L.e., Ip* Is, hg(T,) 4is termed a filter since its role is
to derive some current or past value from gome present value of the input
gignal, Por n < Q0 or Ig > Ip however, hg(T,) must eatimate the primary
radiation at some time in the future frow some current estimate of the source
statistics and is therefore termed a predictor. N

3. PILTERING AND PREDICTION

As the point of cancellation P moves Over the surface of the sphere,
both filtering and prediction regimes are encountered dependlng upon which of
the source radiation travel times to the point P is the shorter. Each will.
now be considered in order to eatablish the degree of acoustic suppression
that each affords.

3.1 The Piltering Domaln rp @ Ig

For rp » Ia, {9) has a simple solution. By inspection

No(T,) = = %; s, ~ (BT 10)

from which we-can deduce that

qstt) = = E: ap(t - Ip/c) (11)

Substituting {11) for dqg(t} Dback into (1) demonstrates that the squared
pressure at P may be driven to zero for all time independent of the nature
of the primary source radiation

<pt(e,R)> = C for zp * Irs (12)

This of course asgumes that in practice an instantanecus measurement of the
primary source strength is available and there are no further delays
introduced by the detection and processing of this source strength in a
practical system. .

3.2 The Prediction Domain rg > Ip
For g » Ip, the controlling secondary source muat extract maximum

information from the current primary radiation in an attempt to predict it at
some time in the Ffuture. The predictability of the primary signal will
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clearly depend upon ita autocorrelation function, & measure of how well the
aignal 13 linearly related to itself at some later time {or before).

Tne procedure for the calculation of the optimal predictor ig given in
atandard texts (see [3]}.

The transfer function of the optimal predictor Hy{e} is calculated from
Ho{8) = H,"*{B)H,(8) : {13)
where H,(8) 13 the transfer function of the shaping filter and H,(s) is

the transfer function of the filter impulae response function shifted forwards
in time by an amount n, i.e.,

Bg(8) = L{hg(t)}
H,(8) = L{w(t})}
Bz(s) = L{w(t + 1))}

where L denotes the one-sided Laplace transform and w(t) 1= the filter
impulse responge function

4. AN EX(MPLE OF AN OPTIMAL PREDICTUR

The procedurs outlined above for obtaining the optimal predictor is now
illustrated for primary source radiation obtained from white noise filtered
thraugh the filter most commonly occurring in sound and vibration phenomena,
the second order resonator, 1l.e.,

oy 2
8% + Zlups + wp?

By (8) = (1s)

wit) = e %t gin w2 -2t (15)

_——n
A1 - &%y

where wp and { are the filter's natural frequency and demping ratio
reapectively {see Figure 2). constructing w(t + n) and performing the
inverse Laplace transform yields '

= %n_ ~{wnn
H,(8) 7 - C")e

x [gnf(l - {Z)eos wnv(l — £3)n + 8 8in wp'(l — &%)y
at + 2w B +uw =
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enabling derivation of the optima) predictor Hyo({s) which 1s thus
given by .

Ho(3) az(’)“:"(s)

se ¥4 o p’{l - £%)n

wpf(1 - &2}

= e " cos war(l - X+ (18)

Thus the 'best’ least squares prediction of gp(t) at a time n in the
future qp(t + 0), is therefore

Qalt) = gplt + n)

e <907 g4n wav(l = ¢330 ég(l:)
wp'tl - ¢*)

=~ En(e““’n“ cos wg(l - C*)n qplt) +
g
(17)

Note that not only the current primary signal gqp(t) but 21so ita temporal
derivative qprt) is employed in deriving the optimal prediction.

substituting (17) for qa(t) 4ir (1) and expanding gives the residual
squared pressure at P after active control,

gk Tq — I
<pf(a,R)> = 5;-5[(1 + a¥)RgplO) ~ z@pp(-a_c_n,

{(18)

vhere

o-Cunn 8in wnf(1 - ¢tm
wn?(l - %)

a=a “Noos wpy(l - (2, B =

-, Xg = Ip :
and terms like Rppl{ z ) .a.re formed f:?nm

WEL—P) tqp(t - Zp/C)iplt = Ts/EP,
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Note that in deriving (18) use has been made of the odd and
anti—commutative properties of the c¢ross correlation function,
Ryy(=7) = =Ryy(T) and  Rene{T) = -Ryy(T).

Bafore proceading to conasldaer the problem for arbitrary rn, conraider the
specjal cages ¢of n =0 and n=-w. For =0, a=1 and p =0,
therefore «<p*(m/2,R)*» = 0, coITesponding to the case where the radiation
travel timea from both sourcea to the point P are identical. Thus providing
the secondary source simultaneously mimica the primary source in antiphase
then complete cancellation ¢f the acoustic presure ig posaible, .

For n = —w however, &« = 8 =0 80 that <P%(9,m)> = ((zljr;)npp(cn))',
demonatrating the redundance of active control mechanisms when the secondary
source is infinitely remote from the primary socurce.

Returning te the genera'l solution (168), where the time averaged squared
presgure at P is formulated in terms of Rppl(fl), FRpp(n) and Rppin}. then
for a filter whose impulse response is w(T) and whose input ig white noise,

Fopln) = w(T) = w(T) {19)

where * denoted convolution.

For the second order filter (l4) whose impulse respanse is

- —{unt (1 — 22
wit) = ra g I #in wq/(1 - £%)t (15}
then from (19)
—qupn,. '
Rpp(n) = anc——[cos wn'(l - ¢3m + - f 3 8in wpv(l - c‘}n] {20)

The remaining functions Rpp(T) and Rpo(T)} may be abtained from
{20) via the relationshipsa

Rpp(m) = 5- Rpp(n) (21)

. n z
Rps(n) = = 553 Rop(n) (22)

Performing the dlfferentiation
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of{n) = = 9“5:5332[ ¥(1 - ¢2n + _glen ]sin Sl - &%) (23)
Rpp = T Wy NI c‘)) wn n
and
- iny = Y00 om<MnT - ety - (=52
Rpp(n} e e [cos wp(l - £3)n {“1 5
+ &1 - 2} sin wnf(l - cl)n] * age below
Therefore
L. "’nl
Rpp(0) = e {24)

Note that the contribution to {18) from 200Rpp(0) = O, since Rop0) = 0.

The expresalon (18) for the time-averaged presaure at P now
reduces to

z —_ ' . - 2 ES
<p*(8,R)? = ;5;[(1 + az)gg - ZaRpp(ES—E-EP) + 2pnpp(535—59)+ EE%D'] (25)

where Rpp(ﬂ) and R9§(n) are now completely defined.

;
‘5, DISCUSSION OF RESULTS

Expressions (12) and (25} for the time-averaged squared pressure at P are
now evaluated as a fraction of the primary source pressure in the absence of
the secondary source and as a function of the azimuthal angle © around the
aphere, Note that this i3 essentially 2 two dimensional problem since the
difference in source travel times to the peint P 13 independent of any polar
angle o. Thus for a sphere of radius 200 m and a source separation of

100 m., the residual pregsure at the point P after active control is shown in
Fig. 3, where the filter centre frequency is 100 rad/s. Although these
parameters are artificial in terms of attempting to model a realistic active
notse control problem, they do serve to {llustrate the es=entlfal features of
the prediction proceass.

»The authors have experienced some aifficulty in evaluating Rpp(0} using
this method since Rpp(n) becomes poorly comditioned for n - Q. However.
since the contribution from this term to the residual squared pressure is only
second crder in p, the erxrors ariaing from this aimplification are beliaved
to ba negligible. )
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For 0 < & < 7/2 and 3n/2 <« & % 2w, P 13 clogest to the secondary
source and is therefore driven to Zero for all time, {13). At those remaining
angles, howaver, where P 13 closest to the primary source, the extent to
which the acoustic presaure is suppressed is a function of the nature of the
primary radiation which in turn i3 a function of the filter damping ratio ¢.
Por { =1, the filter is critically damped and therefore very nearly passes
all frequency components such that the noise from the filter-is very nearly
‘white*. Such a signal is almost totally unpredictable as is manifest by the
sudden rise in the residual squared pressgure ratio to 1 at ‘e = /2. However,
since the signal is only rearly white, the corners of the residual pressure
profile are rounded. The absolute unpredictability of white noisze may be
demonstrated formally by returning to the Wiener equation (10) where for white
noise Rpp(T + {((rg - rp)/c)) is a Dirac delta function centred on
T = <({rg - rp)/c) and 18 therefore 0 for T » 0. The optimal predictor
hy(T) therefore assumesithe unique, trivial solution hg{r) = ¢ from which
gg{t) = ¢ 1ndicating the redundance ¢f active control methods for this type
cof signal.

A3 ¢ - 0, the filter bandwidths becomes increasingly narrower from
which the noise becomes increasingly deterministic. In the limit ¢ =0, the
filter bandwidth is sufficiently small sec as te allow only a pure tone of the
filter centre frequency to pass through, attenuating all other frequencies to
ingignificant levels. Since any purely sinuscidal signal iz completely
daterministic, the acoustic pressure may be driven to Zero at all time,

Returning now to a more realistic free—apaice geometry where the source
geparation 19 1 m and the radius of cancellation iz 3 m. For this example,
the primary source spectrum is altered by adjusting the filter centre
frequency from 200 Hz to 3 kBz in 400 Hz increments, the filter damping ¢ is
get to 0.01, Fig. 4.

Again, complete pressure cancellation is achieved at points on the arc
where hg{v) is a filter and less than perfect cancellation at those remaining
points. Note that as tha filter centre frequency increases, the residue
pressure profile takes on more structurxe. This is because of increasingly
larger variations of the correlation functions in (25) for the optimal
prediction, compared with the wavelength froi: those frequencies contributing
most significantly to the primary source cpectrum, i.e., those nearest to the '
filter centre frequency. up.

More importantly, however, 1s to note that even at & = n where hg(T)
must predict furthest in the £uture, on average, th: squared pressure
may still be Ariven to less than one £i€fth its original value.

6. CONCLUSIONS

The primary shjective of this paper 1& to dispel the possible
misconception that active control methods are redundant when the source
geometry demands that an active secondary source neds to ast in advance of a
primary source whosze sound fleld it is attemptinr) to suppress. By example,
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this paper has ahown that significant reductiona in the time-averaged squared
pressure may be achieved, even when the point of cancellation ia appreciably
closer to the primary source whose radiation is significantly °‘random'

These results have particular significance to some practical active noise

control implementations where real-time algorithms are employed which utilise
the same least squares criterion for minimisation [4].

1.
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Fig 1
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Fig 3
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