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1. INTRODUCTION

It has long been recognised that the absorption of sound plays a fundamental role in the

active control of acoustic fields!. The purpose of this paper is 1o briefly investigaie this process
in connection with the active absorption of free and diffuse sound fields. The maximum cross
sectional area of absorption for these two examples is derived. This is only passible because the
acoustic intensity of the sound field bears a simple relationship to the square pressure for these
limiting class of sound fields.

2. BASIC EQUATIONS
Consider a secondary source of sound q;(w,r) which is irradiated in some mono-
chromatic primary sound field Py(r) of hitherto unspecified spatial characteristics. Assume that
the secondary source is located at some point r, whose volume velocity density is concentated
at a point according to qe(o,re) = q (e}d(rs - r) where & symbolises a Dirac delta funcrion.
Following the work of Levine?, the sound power output W from the point secondary source
may be constructed from the expression

W, = 3R (plrai(@)] ()

For small amplitude oscillations, linear superposition applies so that the total pressure at the
secondary source point may be represented by

plred = Pp(rs} +QsZrad (2)

where Z 4 represents the radiation impedance of the secondary source. Substitutin g the
decomposed pressures into equation (1) for the secondary source sound power output yields a
quadratic function of the complex secondary source strength q; of the general form

W =qsAqs+bgs +b"qs G)

The coefficients A and b may be identified as A = 12 R(Zpg)and b= 1/4 Pp(rs). The
properties of this quadratic function have been extensively investigated with optimisation
problems of this rype3. The optimal secondary source strength qg,{) which minimises this

function with respect 1o its real and imaginary parts simultaneously has been derived3 which is
given by equation (4)
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- Alp=. DD
b R (7] ©

Note that the secondary source strength is exacty in anti-phase of the primary field pressure at
the secondary source point. Substituting Qq,{tw) into equation (3) yields the minimum secondary
source sound power output W . of the form
Ipgee)l®
W, . =-g'Al = . Eps” (5)
smin qS qS BR{Zmd]

providing R{Z .4} 2 0, which is guarameed since sound power absorption is not possible in the
absence of any external sound field. Negarive radiation resistance is the conditon for sound

power absorption which will now be investigated in relation to its effectiveness for absorbing
some important examples of idealised primary sound field.

3 THE SOUND POWER ABSORPTION OF FREE FIELD PLANE WAVES
The free field radiation resistance of a point monepole source at a single frequency
R(Zq} is given by?
W
R (Zpsg) =0 ©
4nc

where p and ¢ are the ambient density and sound speed in the medium respectively. For a free
field plane wave, the primary pressure field 1akes the particularly simple form

pp(r) = Ackr M

where A denotes the complex pressure amplitude of the plane wave. Putting the secondary
source at the crigin of co-ordinates rg = 0, from equation (4), the optimal secondary source
strength is given by

2Anc

w?p

it

Qso =

The minimurm sound power cutput Wg,..., which is equivalent to finding the maximum sound
power absorption, may be determined by substitution into equation (5) 1o give

1A%
= Alme @

Smin zmzp
Recall that the sound intensity Tp of the incident plane wave in the direction of the propagation is
proportional to the square of the pressure according 10

2
Ip=AC (10)

2pc
One can therefore express the maximum sound power absorption as the product of the plane
wave sound intensity Ip and the cross sectional area of absorption Sgpeor, thus
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12
Wmin = - Ip o (11)

The cross sectional area of absorption Sgpeq, is therefore equal 10 A2 7 47 which can be easily
remembered by noting that this area comresponds to a circle normal 10 the incident plane wave

front which has a radius r equal to the reciprocal of the wavenumber k-1 where k = A/2r. Thus,
one can write

12
Sabsorb= (12)
an
which takes the form of a circle with radius r where
A
r=2tskl (13)

2x

This result was originally deduced by Nelson et - al’ and is further investigated in reference [6).
The absorplion process outlined here is necessarily causal since the free space absorption of
sound only depends on the primary field pressure at the secondary source point. This may be
readily verified by inverse Fourier ransforming equation (8). Despite the fact that the point
monopole secondary source can only match itself to a single point in the wavefield, the effective
cross sectional area of absorption is large. This finding suggests that the influence of the
perfectly absorbing source extends much further than its physical dimension which indicates that

acoustic energy is somehow diffracted towards the point source®,
4. DIFFUSE FIELD SOUND POWER ABSORPTION

In a diffuse field environment the radiation impedance of a point source comprises two
contributions. The first is the free space radiation impedance Zgy,4 which quantifies the in-phase
part of the acoustic pressure produced immediarely at the source point per unit volume velocity.
The second is the diffuse field impedance Zp,g which quantifies the in-phase part of the .
acoustic pressure produced at the secondary source point radiated via wall reflections per unit
volume velocity, where the subscript 'D’ denotes 'Diffuse’. One can therefore write

Zraa = Zorad + ZDrad (14)
The minimum sound power absorption can therefore be written more explicitly as
Ipp(r )2
Wemin=- s (15}
T 8R{Zorad + ZDraa)

where R (Zgrg) = (@2p/dnc). Above the Schroeder frequency, the sound field may be
regarded as 'diffuse’ for which the real and imaginary parts of the diffuse field mansfer

impedance are normally distributed, zero mean independent random variables?. One can no
longer speak in terms of the level of sound power absorption with absolute certainty, as in the
free field case, but only in tenms of the expected value of a large number of similar experiments
at varying source positions. One can show that the formal expectation of the secondary source
sound power absorption with respect to source position, namely < W, . > is infinite8. This

finding arises because of the significant probability that R {Zq 4} and R{Zp,) are exactly
equal and opposile causing to W .. to become singular. Physically this condition occurs when
the energy flowing from the source equals the energy flowing into the source via reflections
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from the enclosure walls. However, in abso_]ure terms this occurrence is very unlikely, see
reference {8]. We now seek to obtain an estmate for the mean value based on those source

positions for which R {Zoraq) > R(Zppg) where equation (25) may be represented as a Taylor
series expansion. It is believed that this condition is sufficiently un-restrictive 10 enable one to
derive a mean value which is representative of the average behaviour of the vasi majority of

passible outcames. To second order in R {Zpmq/ Zorg)s the minimum secondary source sound
power zbsorption may be approximated by

2 2
Wonin = - <Ry RdZbad) | R WZpng) ] (16)
8R{ Zgyraa) RiZoal R Zpng)
for R[ZDrad] <R{Z(}radl

The expectation of the sum of terms is simply the sum of expeciations imespective of whether
the terms are correlated or uncomelated. Recalling that R{Zgp.q} = w?p / 4re which is clearly
independent of secondary source position, the space average of equation (16) may therefore be
approximated by

2 2
 Zlpplrltone i+ <R.2{2Drad} >
20%p R Zorag}
for R{Zprag) < R{Zgpq)
where < R{Zpaq) » = 0 since all odd moments of the series expansion, i.e., the thoments

which characierise the asymmetry of the probability density function about the mean (skewness)
have been set equal to zero. The second non-vanishing expectation term in the series expansion

has a well defined physical significance. Given that R{Zp,,;} is a zero mean, Gaussian random
variable, then < RQ{ZDM} > is equal to the variance o‘zmd of the radiation resistance with respect
W varying source position and R {Zgr,4) is the mean .4 so that one can write

1

< Womin > =

<RYZpq) > _d (8)
R (Zorag) T
Equation (18) is known as the 'relative’ variance of the secondary source input impedance which
is directly related 10 the noise modal bandwidth overlap factor M(w} according to?
T 27
piy  16M(w) (19
M(w) is defined as the average number of modes having a natural frequency within the modal

bandwidth Awy defined by Awy = fIA(w) dew / 1A(W)IZ,, which is M(w) = Awyn(w) where
0
n(w) symbolises the asympiotic modal density for which oblique modes are completely dominant

and A{w) is the second order modal response functiond. The diffuse field sound intensity Ip is
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readily derived by averaging the plane wave intensity given by equation (10) over all possible
elemental solid angles in the spherical co-ordinate system? to produce the result
2
Ip =_<__I.ED(_r§)l_> (20)
8pc

Equations (17), (19) and (20) may be combined to yield the following approximate relationship
A2 27
<W.  .>=-Ip—[14+ (21)
smin D n ( 16M(m)]
We note that at a frequency equal to the Schroeder frequency, the critical frequency above which an
enclosed sound field exhibits ‘diffuse’ behaviour?, the modal overlap factor M{w) is approximately

equal to 10 and increases still further as the cube of the excitation frequency8. To a reasonable
approximation therefore, this term can be disregarded to give
12
< Wi > = -Ip— (22)
R

The cross sectional area of absorption for a perfectly absorbing point monopole source in a diffuse
field environment is therefore approximately equal to A2/ &. The isotropy of the diffuse wavefield
suggests that the reverberant radiation bombards the secondary source from all angles equally. The
area of absorption must therefore take the form of a sphere of surface area 4mr2 which has the point

secondary source located at its centre. Equating 4nr2 1o A2/  enables one to solve for the radius r
of absorption of the hypothetical sphere on the surface of which, on average, all sound is absorbed.
Solving for r gives

12
Sabsord = ; (23)
which takes the form of a sphere with radius r where
red g (24)

2r

It is intriguing to observe that the radivs of this notional sphere of absorption is equal 10 the radius
of the circle of absorption for the plane wave example outlined previously, Note that the diffuse
field cross sectional area of absorption Sapsert, is exactly four times the area of absorption for an

incident plane wave in the free field A2/ 4z, The free field and diffuse field cross sectional areas of
absorption are fully consistent with the idea that the point monopole source extends a sphere of

influence of radius A/2x, on whose surface all sound is absorbed. In the case of an incident plane
wave, the normal projection of the sphere onio the plane wave front is precisely the circle of
absorption identified in equation {13). A fully diffuse field will, however, see the fuil benefit of the
hypothetical sphere and its cross sectional area of absorption is therefore increased accordingly.
Inspection of equation (5) shows thal the optimal secondary source cross sectional area of
absorption Sasyrb is also insensitive to the proximity of the enclosure walls. For example, in the
case of a point secondary source on an enclosure wall, the square pressure is doubled10, At 1he
same position however, the radiation impedance of the secondary source is also effectively doubled
by the impedance contribution from a co-located 'image’ secondary source. The ratio of terms
which determines the maximum sound power absorbed according to equation (5} therefore remains
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constant and is consequently independent of the source position8 with respect to the room
boundaries.

The optimal absorption of sound is only possible by presenting to the oncoming pnimary
wavefield an apparent optimal impedance. From the point of view of the incident sound field, it is
entrely irrelevant whether this impedance is active or passive in origin. One passive device which
has been successfully applied to a range of different problems ar low frequencies is the Helmholiz
resonator, This arrangement may be optimally tuned to a given frequency and the absorption of
sound maximised at that frequency. It is generally well known that the absorption cross sectional
area of this device at the resonant frequency in the diffuse field is also A2/ 1 where A is the
wavelength at resonancell. The obvious advantages of using an active source is that, in principle,
one is able to obtain maximum sound power absorption over a band of frequencies simultaneously
whereas the Helmholtz resonator is a high Q system carefully tuned to a single given frequency.
The Helmholez resonztor may therefore be regarded as the passive analogue of the optimally
absorbing point monopole source,

5. REFERENCES

1 Jessel, M.J.M . 1966. Proccde clecroacoustique d'absorption des sons et bruits genants dans des zones
etendues Brevet d'Invention (French Patent) Mo 1 497 857, Filed: Aug. 4.

2 Levine. H. 1980. On source radiation. fournal of the Acoustical Society of America, 68, 1193 - 1205.

3 Nelson. P.A, Curtis. A.R.D., Elliott. 8. J. 19855.J. Quadratic optimisation problems ir the

active control of free and enclosed sound felds. IUTAM Symposium "Aero ¢t Hydro-Acoustique”, Lyon,

France, July 3 - 6.

Kinsler, E.L., Frey, A.R. 1962 Fundamentals of acoustics. John Wiley 2 edition.

Nelson. P.A, Curtis. A.R.IL,, Elliptt. 8. J. On the active absorption of sound. Internoise 86,

Carnbridge, MA, July 21 - 23, 1986. Proceedings: p 601 - 606.

Nelson. P.A, Elliott §.J. 1988. Active minimisation of acoustic fields. Journal de mechanique

theoretique ¢l applique, special issue supplement o Vol 6(7).

Schroeder. M.J. 1962. Frequency-Correlation Funciions of Frequency Responses in Rooms. Journal of

the Acoustical Society of America, 34(12)p 1819 - 1823,

Joseph. P, 1990, The active control of high frequency enclosed sound fields. Ph.D Thesis University

of Southampton,

Lyon R.H. 1969. Swistical Analysis of power injections and response in structures and rooms. Journal of

the Acoustical Society of America, 45(3) p 545 - 565.

10 Waterbouse. R.Y. 1963. Radiation Impedance of a source near Reflectors. Joumal of the Acoustical
Society of America, 35 p 1144 - 1151,

n Fahy. F.J. 1988. Sound and Structural Vibration. Academic Press.

o on -3 [+ b

702 Proc.l.O.A. Vol 12 Part 1 {1990}




