Proceedings of the Institute of Acoustics

SOQURCES OF RADIATED ACOUSTICAL WAVES IN FLUIDS
P.E. Doak

Institute of Sound and Vibration Research, University of Southampton, Southampton 509 SNH

1. INTRODUCTION, BASIC EQUATIONS AND THE TIME-STATIONARY ASSUMPTION

This paper is both similar to and complementary to 2 paper {entitled "The physics of aeroacoustics”)
to be presented at Noise "93, 5t Petersburg, Russia, 31 May - 3 Junc 1993 [1]. In that paper a case is
made out for regarding the fluctuating total enthalpy field H'(x,f as an important and potentially
useful dependent “acoustic” field. Due to space restrictions, derivations of the two principal
equations are not given in that papgr._The first of these is for the divergence of the "total enthalpy
mean radiating acoustic intensity”, H'n'; , where the overbar indicates a suitable time average, the
primes denote purely fluctuating quantities, and m; = pp; is the linear momentum density. The
second is an inhomogeneous "wave equation” far H'. Dutline derivations of these two equations are
given here in the Appendix, and the text provides some additional discussion of what can be learmed
from the equations about the physical mechanisms that can produce radiated acoustic waves in
fluids. (Unaveidably, there is considerable duplication in the two papers.)

Standard forms of the transport equations of mass, lincar momentum and energy, respectively, of a
Stokesian fluid are

op/ ot + 3lpup/ i =0, 3(pui)/dt + dp/ oxi+ d (pviwj - Sij)/ éx = pf, (1,2)
2(oU + Lo /3t + oW + ooy + poy - Sz - 23T 355 = pofy + pQ. ®

The notation is standard, except that Q is the rate of external heat addition per unit volume and
Sij = i/ 0 + O/ 3 - 2 Do/ BrdBye (s AR/ 006 “

is the Stokesian viscous stress tensor, in which 1 is the coefficient of bulk viscosity; also the "external”
force per unit mass f; is understood to include forcing due to chemical reactions (e.g., combustion or
absorption/radiation of electromagnetic encrgy} and gravitation. Together with these transport
equations and their implied Stokesian and Fouricr constitutive cquations for the stress tensor,
Pij = p8ij - 5ij, and the heat flux, = ~A5T/dx;, respectively, one has the following thermodynamic
relationships for each fluid mass element:

p=RpT, BU=cpdT=T85-p(1/p), & =cpdl=TE5+(1/p)p. {5a,b,0)
Here p is the thermodynamic pressure {as it is in the stress tensor), R is the fluid's ideal gas constant,
cp and cp are the specific heats at constant specific volume (V = 1/p) and constant pressure (p),
respectively, T is the temperature, § is the entropy and } is the enthalpy. One also has the definitions

Y=tplco, G =yp/p. H=h+ %vf. {6ab,c)

H is often called the "stagnation enthalpy” but here the term "total enthalpy” is preferred.. Apart from
the gas constant R none of the quantities in the differcntial system of equations (1), (2}, (3) and (5) and
in the definitions {4} and (6) are assumed to be constants in the analysis which follows; any or all of
the others may be functions of position xj and time t. The only assumption is time-stationarity of the
flow. This means, first, that any quantity, plx,,1} for example, is the sum of a unique time-averaged
part and a unique purely fluctuating part of zero time average. Thus, in the case of pix,1), one has
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t2 2
papd =pix+ p'laeh, plxp s [ plgtdt/ta-n), [ plahd/Uta-)=0,

i h
and similarly for all other quantities. This part of the assumption is not an assumption at all, but
simply a definition of mean and fluctuating parts for any given time interval (f,12). Physically,
whatever measurements one makes of however many field quantities at however many spatial
positions during the same time interval {11, i2), the records of each of these can be separated into such
unique parts by performing the time averaging process shown in the secand of equations (7) for each
record; this gives p and p’ follows as p-p. The second part of the assumption is restrictive,
however. This is that the time derivative of the fluctuating part of any quantity has zero time
average. In the case of p '(xp 1), for example, the time average of dp'/ 3 is {p'(xk,t2) - plxet1) /(2 - 1),
and this is zero only if (i) the fluctuations are periodic and (2 - 1] is an integer multiple of the period,
or {ii) p'{x.t2) and p'(x,ty) are both zero, which would be the case if the fluctuating motion were of
finite duration (i.e., a transient), non-zero only for 11 < ! < t3, or (iii) the motion is of a random
character and # - {1 is Jong enough. Each of these three possibilities can be a reasonable
approximation to reality in situations of practical interest.

The idealized physical problem of interest here is essentially the same as Lighthill's well known
acoustic analogy problem, except that the teal fluid is not replaced by a hypothetical acoustic
medium. One has a disturbed flow "source region”, of effectively finite extent, Vs, surrounded byan
infinite extent of the fluid which is effectively in a state of uniform static equilibrium apart from small
amplitude fluctuations, acoustic waves of p, say, with corresponding ', T and irrotational velocity
fluctuations. These two regions are "effectively” distinct, as described, but the reality is that the
strength of the sources tends to weaken sufficiently with distance, so that whatever acoustic
disturbances there may be become dominant. The only essential hypothesis is that the fluid
disturbances satisfy the Sommerfield radiation condition as the distance tends to infinity. This rather
idealized picture has basic physical validity for real, weakly viscous and thermally conducting fluids,
a5 it is the adiabatic acoustic waves which can travel out much further from a generally disturbed
flow region than the vortical and entropic fluctuations which can "propagate” only by means of
convection and slow diffusion (even shock waves such as "sonic booms™ turn acoustic before dying
away altogether!). Watching the vapour trails and listening to the noise of a jet airliner as it travels
past overhead i5 an "experiment” tending to confirm this physical validity. Finally, as to the model, it
must be mentioned that inside Vs, bul not part of it, is the surface Sg of the structure of the machine
producing the disturbed flow (see Figure 1).

2. THE TWO EQUATIONS INVOLVING H'

2.1 The Radiated Intensity Equation

The first equation which is applicable to this idealized physical problem, and which provides an
identification of the sources of the time-averaged radiated acoustic intensity in the far field, can be
obtained by using the same methods as in reference (2] (the earliest version of this expression was
presented by the author in a verbally delivered paper al the 1974 Eighth International Congress on
Acoustics in London). The expression is derived from equations (2) and (3}, with use of the time-
stationary assumption, as outlined in the Appendix, and is

X Hm'j ) oxi= m'y{f'j— (' % ;)f + TS/ Y + (p™! dSij/ ) + ( g5/t JR. (8)
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Here w is the Beltrami vorticity, /p wherg O = V x v is the vorticity. As was shown in reference
[2], the mean total enthalpy intensity vector H'mt'j (Jj for brevity) reduces to the usual acoustic mean
intensity vector p'v’; in the case of small amplitude adiabatic fluctuations in an otherwise static and
uniform fluid. By the same methods as used in reference [2] (see section 5.2), one can prove, for our
problem as stated in the preceding section, that the mean total radiated acoustic power, W, is given by

Peos Loa s 'v,- =0 §<Radiaﬁng acoustic waves
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f Diffusive \
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Figure1  Schematic of a representative problem (not to scale}
W= J‘ grix) dVsix) + j Jix) dSgiix), [¢)]

Vs Se

where gj is the complete source lerm given by the right side of equation (8), J; includes its solenoidal
part, and the direction of d5g;(x) is into Vs. This resull is easily obtained by expressing the Green
formula solution of the Poisson equation for the scalar potential of Jj in the well known spherical
harmonics expansion form and noting then that only its zero order term, proportional to 1/7, where r
is the distance of the observer from the origin {which is somewhere convenient in the engine, say),
gives the part of J; proportional to 1/r2, and hence the acoustic power output as  tends to infinity.
Rapid fluctuations in the thermodynamic properties of a fluid particle are known to be nearly
adiabatic in weakly viscous and thermally conducting fluids; since entropy can enter or leave the
particle only by slow diffusion, the particle’s entropy is slowly varying. Also, the action of viscosity is
via a similarly slow diffusion process, and so the vorticity of a fluid particle is similarly slowly
varying. Accordingly, in many disturbed flows of interest, the dependence of gj on its entropy and
viscous stress terms {see equation (8)) is likely to be appreciably weaker than its dependence on the
Coriolis acceleration term. Hence, to zero order in viscous and entropic effects, 4) reduces to simply

m; (0 xm);-mif3). The external force f; is zero, of course, in the absence of gravitational,
electromagnetic, and chemical reaction (combustion) forces. Sg is the surface only of the engine
structure, so the gj source region Vg includes that part of the engine occupied by the fluid. The
contribution to Wof the Sg integral in equation (9) depends only on the component of J; normal to the
surface. Real engines have moving parts, and the engine housing may be in motion. Both the volume
and surface integrals in equation (9) are expressed in the observer's fixed coordinate system, and in
this system both V5 and S in practice will be functions of ime. Accordingly, to deal with both
engine housing motion and engine parts motion relative to it, the lime averaging must account for
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this Vs and Sg time dependence. The integrals then become appreciably more complicated looking
mathematically, but retain essentially simple physical interpretations. The normal component of J;
remains the normal component when Sg is in motion,

2.2 The Inhomogeneous Fluctuating Total Enthalpy "Wave Equation™

Howe [3], in 1975, first called attention in published work to the relevance of the total enthalpy and
the Coriolis acceleration to the theory of sound generated aerodynamically. The author had been
independently developing rather similar ideas, beginning in aboul 1973, which were reported only
verbally in his ICA paper of 1974, as mentioned in section 2.1; subsequent progress was as described
in the Preface of reference [2]. Although H is directly a function of only the temperature and the
square of the velocity (H/cp is called the total temperature in fluid mechanics), for adiabatic
fluctuations one can equally well regard the pressure p' as the fluctuating thermodynamic quantity
upon which H' depends. To first order in p* one has H' = (¢ /p) + 5(;!2,‘)'. Hence pH is a fluctuating
"total pressure”, whic!h is zero if the total pressure concerned is of Bernoulli type: ie., for the first
order example, if p' + 53{1:2,)' is constant. Tn acroacoustics this has the advantage that H' is explicitly
independent of such convected pressure fluctuations. Lord Rayleigh chose the fluctuating
temperature as the dependent variable in his discussion of the effects of viscosity and thermal
conductivity on sound waves [4]. That problem has something in common with the aercacoustics
problem: in Rayleigh's problem the equations for the pressure and entropy fluctuations are
inextricably coupled; so are they in the aercacoustics problem, and in addition the equation for the
vorticity fluctuations is coupled to both the others, sa that there are no independent acoustic, vortical
and entropic "modes of motion”.

For these reasons it is desirable to have a generally valid equation for H', of a form which may
provide some physical insights. Such an equation can be derived, as outlined in the Appendix. 1t is
PH/ x ~ [ 2PH /02 + 2vid] &t + 3 Q%) + 5 V- 3/ i) A/ i + v v PH /n; dx))T
== alQ xvFi- V'il/ - FIRTIDS/DI]' / ot + (A2 3} Dh/ DY - wi/ DOV'i/ )
+ 2[:‘2{;1_1&' v; 3/ +::, Qxv)+ % Vi-dh/ax) ((Qxv)i- Vil . {109
Vi=TdS/ dxi + (1/p)95;i/ o+ fi (
is used for notational brevity in equation {10) to denote the combined entropic, viscous and external
ferce terms. . The form of equation {10) is admittedly one which has been contrived, but this has been
done with the aim of producing terms both as concise as possible and in groups representing physical
aspects of the motion which are reasonably distinct and different. The primes denote “the fluctuating
part of". They arise in the derivation whenever it is only the fuctuating part of a single quantity
which is being considered or the group of terms thus labelled has arisen from a time differentiation of
a larger group. Individual terms and groups of terms without a prime have both mean and
fluctuating paris. The aim has been achieved inasmuch as the terms in the equation do have distinct
physical interpretations. First, with one exception, the enthalpy h and the squared sound speed c2,
and their derivatives, can be regarded as simply lemperature dependent coefficient factors for their
tespective terms; h and c2 of course are usually the same thing, since, for example, for a fuid with
constant specific heats one has ¢2 = (y- Dh. The exception is the term [(&~2/3)Dh/Dil' on the right
side of the equation, which is regarded as a source distribution for H' due to fluctuations in the speed
of sound. The left side of equation (10) is evidently of conyected wave equation form, but with the
usual v;d/ dx; operating on H'/ dx; augmented by the term 3 {Q x v); + % Vjand a term due to spatial
and temporal variation in the speed of sound, -dh/ dx;.
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It is surprising (to the author at least) that the source terms of equation {10) form such relatively
simple and distinct groups. The first and last groups are the effects of the combined Coriolis,
entropic, viscous stress and external fluctuating forces, given by {({2 x v} - V'j] (note that (2 x v);is
equal to {@ x m);, which was used in section 2.1) The second term invoives only the entropy and its
convection, and the third term, similarly, only the speed of sound (temperature) and its convection.
Nole that, since -m';{C} x ¥)'; is equal to m{w’ X m);, the first four terms of g; as shown in equation

(8) are equal to the time average of -m'ji{§2 % v)'; ~ V'}). Perhaps equally surprising is the linearity in
H' of equation (10). Taken together, these two surprising features suggest that although the equation
has been mathematically contrived it may well be physically sensible. In this context it does have one
unusual aspect, however. The only irreversible‘ process terms appearing on the left side of the
equation are those in the multiplicative coefficient 3 V; of 84/ dx; and clearly these will not give rise
to the usual attenuation of small amplitude acoustic waves by viscous and thermal diffusion. This
attenuation, therefore, must be largely provided by the source terms depending on the fluctuating
viscous stresses and entropy. Although this representation of attenuation as due to "source terms” is
not usual in wave motion it is physically acceptable. Attenuating diffusion effects are those of sinks
of the otherwise conscrved wave energy, and can be legitimately rogarded as such, especially in the
present problem. As Rayleigh showed in his problem, weak diffusive and adiabalic wave motions
can be treated as uncoupled to zcre order in the Stokes number, and the effect of either one upon the
other can be introduced to first order as a perturbation of the zero order motion.

This linearity of equation (10) in H' has the important physical consequence that if all the source
terms are zero in a region of the fluid then any H' in that region must have been generated elsewhere.
This is rigorously true on mathematical grounds since one then has a linear homogeneous equation
which, by itself, has no unique solution. Even when the cocfficients are functions of position and
time, there can be no "parametrically driven” oscillations of H without some external forcing, or
forcing at the region's boundary.

3. CONCLUSIONS AND DISCUSSION

It has been demonstrated that the fluctuating total enthalpy H' is a physically desirable and
mathematically convenient dependent variable for all acroacoustic problems, including both subsonic
and supersonic flows and fiows with combustion. This generality is claimed because both heat
addition and forcing due to combustion have been taken into account, and the equations obtained are
not subject to any restrictions on flow speeds. The time-stationarity assumption is not unduly
restrictive for fluctuating flows of inlerest in aeroacoustics. An inhomogencous convected wave
equation for H' has been presented. [ts two most important features, due to the fact that H' is
independent of Bernoulli-type pressures, arc as follows: {i) it is linear in H', and the coefficients of
the H' terms do not implicitly contain H' as such, being comprised of factors each of which is a
function of velocity or temperature, but not in a combination forming H'; the homogeneous terms are
therefore "properly linear”™ in H', and cannot be confused with source terms; this linearity is
preserved whatever dependence the coefficients may have on position and time; (i) its source terms
are similarly independent of H', and are physically distinct; the terms respectively represent, mostly
separalely, the effects of fluctuations in Coriolis acceleration, entropy, viscous stresses, temperature
and external forces; for a lossless fluid, far example, under no external forces and subject to no
external heat addition, the only non-zero source terms are those dependent on the fluctuations in the
Coriolis acceleration, in the temperature times the entropy gradient, and in the speed of sound
(temperature).
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An expression has been presented for the divergence, g/, of the mean total enthalpy intensity
li = Hm’;, where m; is the linear momentum density. By using this, a simple expression for the
radiated acoustic power from a disturbed flow region can be found, and this has been presented. The
solenoidal componerit of J; has not been discussed here, because it does not contribute to power
output of volume sources. It is nceded to determine the total mean radiated acoustic intensity, and
the contribution of the surface integral in cquation (9) to the radiated power. A vector Poisson
equation can be obtained for it, however, and it thus can be determined by using well-known
magnetostatic methods, similar to the electrostatic methods used te determine the scalar potential.
The radiated mean acoustic intensity thus can be determined, without having to determine H' except
on the surface 5. The source terms for these Poisson equations are not necessarily complicated. For
many flows of interest, for example, the dominant lerm of 47 is the Coriolis acceleration one,

m; (W'xm'y) wherew is the Beltrami vorticity (the vorticity divided by the mass density}. In the
developing part of the turbulent mixing region of a jet, where the vorticity direction is predominantly
circumferential, this becomes simply - my  w3an's where 1 denotes the mean momentum direction,

3 the dreumferential direction normal to it, and 2 accordingly the direction outwards towards the jet
boundary, normal to both the others. By experimental and theoretical means, it should not be too
difficult to quantify such an expression. The useof H' asa dependent variable in aeroacoustics
problems thus could bring both theoretical and practical benefits, even though it is not the sound,
which is what one hears, the fluctuating pressure p’. p H' canbe p' outside a disturbed flow region,
but inside, such a component could be augmented by the (3 po2)' ¢omponent, or a diffusive
temperature component, or both, o T -

The correspondence noted in the third from last paragraph of section 2.2 between the first four terms
of the radiated power source density gy (the right side of equation (8)) and the time average of
—m' {(QQ x v}y - V'] is evidence of a good consistency between the mean intensity divergence
equation (8) and the inhomogencous wave equation (10), particularly in respect to the interpretation
of the inhomogeneous terms of these equations as physical volume source distributions of radiated
mean power and total enthalpy fluctuations, respectively. The lack of correspondence between some
of the terms in the respective source distributions indicales the possible existence of a non-radiating
component of the H' field ("near field", or "pseudo-sound”}. Also as previously noted, the quantity
{{€ x v)'i - V"}} can be expected to have a predominant role in the total source strength density of '
{see again equation (101} for many disturbed flows of interest. It therefore merits some examination.
From equation (11) for V*; and equation (A7) of the Appendix it is evident that one has, exactly,
1% ¥)Yi - V= - (dH f ox; + o i/ ). az

If this substitution were to be made in the right side of equation {10), its contrived form as a
convected wave equation for H' would be demolished! The fact that this could be dene, however,
does not demolish the formal mathematical validity of equation (10}, as it stands, as a linear
inhomogeneous convected wave equation for H', and the consequent physical interpretation of its
right side as a unigue source distribution for the H' waves as described by this equation.

The identity {12) can be used to provide some additional physical insight about (€ v); - V; and its
role in the source distribution. First, if the fluctuating velocity were irrotational, one would have
Q@ x v~ V';=- &H - 2¢'/ a1/ dx;, where ¢ is the scalar potential of the velocity p;. Second, in
general the first source term of equation (10} is equal to (2/3x2) (' - 3¢'/ M), independent of the
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solencidal component of the velocity, but the last source term, 2[c-2{ .. .} {2 X ¥ V'], depends on
both the solenotdal {vortical) and irrotational components of d7;/dt. These observations suggest
formally regarding the fluctuating velocity scalar potential ¢ as consisting of two parts: i.e., :

Y=¢n+e¢n , Np/dt=H. (13}
Then, from equaticns (A7) and (8), and with LI'; denoting the solenoidal component of #'; {derivable
from a vector potential A, say, as L'y = (V x A);, with £¥; = (Vx UJ')), one has

AL/ 3t +1Qx vYi-Vi- Fen/dxd=0. (14)
Accordingly o¢'qy/ ot satisfies the Poisson equation
Paga/ N/ axd = HA x vi- Vi) /dx, (15)
and the first and last source terms of equation (10) are expressible, respectively, as
-&pparatad -2 ) Vit - galox Al ae)

Lighthill acoustic analogy type scaling of these expressions then predicts a (representative velocity)d
dependence of the radiated H if the source distribution is compact {its representative length scale is
small compared to the acoustic wavelength) and the representative Mach number is not too large.
This separation of ¢ into ¢y and ¢'q is not as artificial as it might seem. ¢y is the velocity potential
that would exist if the fluctuating flow were irrotational, and the flow in general were homentropic
and under no external forcing; ¢'np would then satisfy the homogeneous Laplace equation and
causality considerations would require it to be zero {for a problem such as that of Figure 1).
Inspection of equation (10) for such a flow reveals that the only non-zerp source term is then the third,
[tdc-2/at) D/ D1]'. Note that in this flow the mean velocity need not be irrotational, and thus one
could have mean vorticity, which itself nevertheless would not give rise to any H', radiated or "near
field™ Thus it appears, that in general, the esscntial, sine qua non, quantities in the (Q x v)'j - V7 terms
of the H' source distribution could be regarded as oL/ 3t and 3¢/ dx; H. These quantities,
however, have computational disadvantages; it can easily be seen that ¢'y, ¢'q; and UI'; cannot be
independently determined from equations (13)-(15); also, experimental identification of the
WUy, - 3¢’/ dx; and - 9¢'q/ dx; components of the fluctuating velocity v'; would appear to be a
prohibitively difficult task {certainly by presently available methods). Nonetheless, it is clear
physically from equations (13) that ¢'gy is the velocity scalar potential associated directly with H', both
inside the disturbed flow region V, and in the radiated ficld outside Vg, and that ¢'g is effectively
confined to Vg, and associated only indirectly with H' via its dependence on - ¢’/ dx;, evident
implicitly in equation (15). Also it is clear, particularly from equation (8), that unless there is
unusually strong irreversible and/or external forcing the radiated acoustic power must be

determined by the relatively simple {mathematically!} quantity m; (@'xm’}; in which the
fluctuating Beltrami vorticity o' is a sine qua non.

With respect to the Coriclis acceleration source terms, - m'j{@ x m; = m; (@'xm);in equation (8}
and - @ (o x mYi/ dxjand 2[c2 { ...} {{w x oy} in equation (10}, one can observe that direct Lighthill
acoustic analogy type scaling predicts p; Qs ) dependence of the acoustic power output (per unit far
field surface area, as it were), where pg, £2; and v; are the representative source region mass density,
vorticity and velocity. This scaling also predicts (vs/cw) £25 U5 dependence of the radiated H' from the
first H' source term {assumed compacl, and where ¢, is the far field sound speed), and
{schematically) cs~2{os2 + Qs 05 + Vil + 19h/3x; |} Qs vs from the second source term, where ¢ is the
representative source region sound speed. With the dissipative and external forcing and the source
region temperature gradients ignored and €I taken as O{y,), for simplicity, these predicted
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dependences are p; v for the power, and (Us/ tw) v;? for the first H' source term and (os/cs)? vg? for
the second. But, for jet turbulence noise, experiment has shown that such scalings are at best rather
"broad brush”, because the source region is largely only the turbulent mixing region, which has an
axial extent of some six (or a few more} diameters from the jet exit (see Figure 1), and in this region
the source strength density's representative frequency decreases with distance from the jet exit plane.
The relevani scalings from an appropriate "broad brush” interpretation of experimental results are
Ps(0s/ Con)® 13 for the radiated power dependence and (vs/c..)? vg? for the H' dependence. These
experimental dependences correspond to the prediction here for the second H source {if ¢5 ~ ¢w) but
not to those of either the first H' source ar the power source. If the first of expressions (16) is used,
however, for the first H' source one obtains the predicted dependence (zg/ Col? vsz, which agrees with
the experimental results for both the far ficld H' and its corresponding power output. It is therefore
clear that for the turbulent mixing region of a subsonic jet onc must somehow have the power source
term m; (o' xm' ) scaling as Pelvsfea) v, not ps v, if the source terms in equation (10} not

involving (€2 x v¥;— V; are not important, as the success of the Lighthill acoustic analogy approach
and other theoretical and experimental evidence suggests. Some further insight on these scaling
questions and the nature of the fluctuating Coriolis acceleration’s divergence as a source term can be
obtained by writing, exactly, 2 (Q x v)'j/dx; = [o;t? v;/ dxi dxj - F o/ 81]2} - Q2J, or, after some
manipulation, as (again exactly)

2 i Fadody o 2o Y, [ 1%, BNP Jy i 22 _dond]
e Zai 22 [ ST UG- G

Note that the sum of the squares of the rate of strain tensor and the angular velocity tensor in this
expression is equal to the notationally simpler (dv;/dx,)2. The acoustic analogy type scaling of the
right side of equation (17}, under the compact source assumption, §wes {schematically)

(057 € D52 + (057 Cou) (D5/ 05 D52 + {05/ L — (U / €6} 052, (18

In obtaining expression (18} it has been assumed that dvj/ dxj(= - (1/p) Dp/D1) is equal to
~(1/pc?) Dp/Dt lie., isentropy) and p ~ O} prd); L is a velocity gradient length scale and the minus
sign appears with the last term as a reminder that the last two terms scale the fluctuations in the
difference I(&z:.-/&x,-]z - (au,-/ax,-)ifl between two positive definite quantities. Only the first term of
expression (18}, the scaling of — 5‘2(% vlz)‘/&r,'z, appears to have the experimentally correct form. The

second and fourth terms are of vss and vsf' orders, respectively. The third term as it stands is very
much "out of order”, but would be of roughly correct form if Lg were taken to be proportional to the
acoustic wavelength, as it would then become proportional to (p;/e5)2 o2, It is known from
experiment, however, that the mean flow and moving eddy length scales in the respective frequency
regions of the turbulent mixing layer of a subsonic jet are significantly smaller than the wavelengths.
Cn these grounds one might think that [(dv;/ &x,')zl' is more important than 3% %vf)‘/ a2, Butin the

mixing layer the eddies are not "frozen”, but moving towards the quite random state they acquire in
the diffusively decaying region {see Figure 1), sc their transition to such a state might require a
number of eddy diameters! In any case more accurate modelling is needed to answer this kind of
question for specific flows.

There remains the question of why this acoustic analogy type scaling of —n: ( @ xm' ); produces ps
752 instead of the correct ps(Ds/ce)” 15>, A first answer to this question is that p ps¥ can be correct
for some flows, even if not for the compact turbulent mixing layers of subsonic jets; the assured exact
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correctness of ?. ( @'xm’ ); itself does not depend on crude scaling. A second answer, of much
more interest in connection with the physical nature of turbulent mixing layer flows and their
acoustic radiations, is one which could be obtained by investigating appropriately detailed local
models of such flows. This kind of investigation of the nature of m; ( o' xm' };, and the source
termns for M presented here, is a task for the future,
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APPENDIX

Equation (8} is derived as follows. Fromm the time averages of equations (3) and (1)

J(H‘m, M ox; =-m, 3H/&x,+ & { Sijv + AT/ dx; )/ax,+pQ+ m,], .- (AD)
From lhe time average of equation (2)
—m, JH/&::, m, (Qxv) - m, (5,;!;)} m. (T&S/&x,) m, f, , (A2)

50, from equations (A1) and (A2),
B(H‘m.)/z?x, m, (va), +d( Sip; +13T/c?x, Voxi + pQ

- (To5/2x )-my lfllp)as,,/&}] + mifi . (A3)
An equation for the entropy, derivable from equations (2), (3) and (5), is
PTIS/ ot + pT v; 05/ i — XATT/ )/ dxi = Sij i/ o + pQ. {Ad)
This can be rearranged as
PTIS/ ot + mi TS/ oxi+m; (1/p) 35,}/81'} = J{S;jvj + AJT/ oxj)/ dxj + pQ. (A5}

Hence equation (A3) can be rewritten, with © = §2/p, as
GCHm; M oxi=m; ( & xm' Y+ pTd5/ 0t ) + { mi Ta5/ dxi )+ [ mi1/p) 38/ Ox;j }

- m (ToS/ax - m ((1/p) 3/ }+ miaf's

= milf - (0 x m); + (TAS/ o) + {(1/p) i/ a1 + (p'dS/ /R ),
which is equation (8).

Equation (10) is derived as follows. First, by using the thermodynamic relationships (5) and
definitions (6), equations (1) and (2) are rewritten as
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¢ 2(DH/Dt - D(v2)/Dtt - R DS/Dt + dv;/ ox; = 0, {A6)
0i/ X +(Qx V) + dH/ 3 — TS/ dxi— p! s /oxj=fi (AD
where D/ Dt is the material derivative, D/ D! = 3/ 8% + v; 8/ dz;. The fluciuating parts of these can be
conveniently expressed as
&v'i/dx; = (R"1 DS/ Dt - ¢-2 [DH/Dt - D (302)/ DI} = (R-) DS/Dt - 2 Dh/DIY, (A6Y
OH f i + i/ & = — (G x v+ Vi, (A7)
where V; is as defined in equation (11). The divergence of equation (A7) less the time derivative of
equation (Aé) is

2 2 ' ws 1LIfDH_Da o]
;:f—;;;l(ﬂx"’i-‘”ﬂ‘_km] [ Cz) ] {cZa:[DrD,fzn. J].} (A®)

By using equation (A7) one ¢an write
DH/Dt - (D/Dt) (jo2) = dH/dt + vi H/0% +vi |9H/3xi + QX v)= V]~ vjvj dvi/ 3
= gH/ot + 2 v; dH/ i —1j V;—v;vjék!i/t?;j. {(A;
since 7; {Q X v); =0. Then
{3/t ) IDH/D + 2 v GH/ i = v vj i/ S~ v V| =12H /it + 20 PH /3 & - vivj Foi/ ox; ot
+ 2 (Jv;/ Oty GH / dx; - {0/ 1) (vi v} i/ Oxj - (3] ) (o V,)]
= IPH /2 + 2vi PH/ diot + vjv; FH/ 31; dxj + v 03/ o)) (Q x VY= Vi)
+ 2 (/) AH/ Ix; - (3v;/ X v Iny/ ;- vi (Boj/ HN)dvi/ Oxj = (/M V- 1y avitatl. (AID)
Then, from equation (A7) and carrying out further indicated differentiations, expression (A10}
becomes
.= (PH /32 + 2 v; PH /ax; t + vivj FH [ 9x; Oxj— 0; IVi/ X + i vj (3/ &) (Qx )= V)]
+{vj/ & ) (2 IH/ Ixj = Vi - vj dvy/ dxj—vj a:a}/&x.)], (A1D
after regrouping and interchanging #, j in v; {2v;/0¥) dvi/dxj. Then one can write
(9vi/ ) (2 dH/dx;— V- v dvjf oxj—vj dvj/dxi) = (é‘af/&t) (2 h/o;= Vi~ {Qxwvi} (Al12)
by using H = + 30,2 and vj doi/ dxj = (Q x v} + a(év,i)fax,-, ard in turn expression (A11} can be
rewritten, by using equation (A7), as
coom— [ e+ Qv = V{2 dh/a - (Qx v+ Vi ]
= (/o) (Qx vy + Vi—2 /o) + [(Qxv)+ V-2 /ax)] i xv);-V;).  (A13)
Using expression {A13) in expression {A11} and the result in equation (A10) then gives, with
regrouping of terms, .
;[i?*’ 2y gIH v Y ?; -u; Vi ] [3;—;’1+ 2 {vr‘g—+ %(ﬂx v),-+% V,—-%}%+ Ui f Bf_’;,]

+2|:{50,'v’-;a]_+ 5(9"")1""% V,'-%'_} {(va)';—V‘,'}] - [u,'jl] R

and inserting this expression via equation (A9} back into equation {A8) yields equation (10).
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