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INTRODUCTION

I shall discuss the underlying physical principles pertaining to two classes of
practical nonlinear acoustical devices. Orifices and spheres are lumped acous- ‘
tical elements which are the objects of the first half of this paper; continu- ‘
ous or distributed processes involved in the parametric array and the absorp-
tion of sound by soundwill be taken up in the latter half.

THE THEORY OF NON-STEADY FLOW THROUGH AN ORIFICE.

Introduction
We develop in this section a theory of the response of the orifice (and nolee)
in terms of its steady state behavior. We shall not assume. as did Sivian.1 ,
that the velocity is uniform over the cross section of the orifice, but we will
consider the effects of contraction. Losses within the orifice due to friction
and turbulence will be lumped together in their effect, and represented by the
coefficient of velocity.

The coefficient of contraction is assumed to be a constant. This assumption in
addition to the assumption of incompressible flow allows a theoretical expres-
sion for non-linear resistance to be derived which can be expressed in terms
of the d-c flow resistance.

Next the transmission of sound through an aperture which supports a steady flow
of gas is investigated by means of a trivial extension of flow resistance
theory. The differential resistance, ED is introduced as a measure of the
acoustic resistance of apertures carrying air flow. The inverse problem, that
of the modification of the d-c flow resistance by an intense acoustic wave is
mentioned briefly.

The rectifier-like properties of the orifice are considered qualitatively. It
is shown that the orifice may bc,made to support a steady difference in pres-
sure provided it is excited with an asymmetric pressure wave whose square root
moment plpl'l/E differs from zero. This pressure difference can be used to
pump fluidflthrough the orifice in a direction which is determined by the Sign
of plpI-‘ ‘. Harmonic generation by the orifice is discussed briefly. Sivian‘s
prediction of the existence of odd harmonics is reviewed. Second harmonics are
shown to be generated by superposed d-c flow.

The Non-Linear Resistance
If the pressure difference across the orifice is less than 1 percent of atmos-
pheric, - it is sufficiently accurate to consider the orifice flow to be
governed by the equation for incompressible flow. In this the ideal flow
equation is: 2

001
P-P-p -— (1)1 2 252
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where p is the pressure on the upstream side of the orifice and p2 that on the

downstream side, a is the density of the gas. Q is the ideal theoretical volume

velocity through the orifice which has a cross section S. Eq. (1) neglects

the effects of friction and contraction which will be considered later. .If we

now assume that Eq. (1) is instantaneously valid. and that p varies sinusoid-

ally. it is a simple matter to compute the average power dissipated. This

power divided by one-half the square of the peak volume velocity results in an

expression for the non-linear resistance,

R . w (2)
‘1‘ 252 ,

where Q is the peak volume velocity. Eq. (2) may be expressed in terms of

ums the rms average particle velocity through the orifice.

1.10Mms
RNL = -———-—-—— (3)

25

Eq. (2) disagrees by a factor of l.l//§ with the non—linear term in Sivian's

equation for resistance which is l/2(D|u|)/s and I conclude that sufficient

caution was not exercised in.its derivation.

Eqs. (2) and'(3) could have been derived just as easily from the equation of
incompressible flow which has been properly corrected for contraction and

losses. This procedure is only valid if the coefficient of discharge Cd is a

constant independent of the velocity. Steady flow experiments 1 have performed

justify assuming Cd constant. Inasmuch as the correct flow equation differs

from Eq. (1) which neglects contraction by the constant factor Caz, we may

write immediately the correct expression for the non-linear resistance

R“ a 1.1092 ' (5)
l

2(5Cd)

The steady flow resistance is

RF . AL? (5)
2(scd)‘

so that we may express the non-linear acoustic resistance in terms of the flow

resistance

RNL = 1.1 R? (6)

Eq. (6) will represent the facts if the coefficient discharge has the same
value for steady flow as for alternating flow, a situation found not true

within the experimentally available frequency range. As will be seen in the

following section. the experimental data on thin orifices taken above 200 cps

was found to agree fairly well with the relation

a“ = .6 RF (7)

-1/2
indicating that the a—c flow coefficient is about (.6) s 1.3 times larger

than the d-c coefficient.

2 ‘ Prut.l.O.A. Vol7 Part2 (1985)

 



 

Proceedings of The Institute of Acoustics

SOME PRACTICAL APPLICATIONS OF NONLINEAR ACOUSTICS

It is necessary to justify our having neglected the reactance of the orifice
in the preceding treatment. This point is considered in more detail in the
following section on differential resistance where we shall merely give a
physically plausible reason for neglecting reactance. In any event, lngard
and labate have shown experimentally that the reactants of the orifice
decreases appreciably in the region where hydrodynamic laws become applicable.

The Differential Resisrance and Reactance .
In general, when there is_an average transport of matter through a small aper-
ture. the acoustic conductivity of the aperture decreases. This phenomenon
can be discussed in terms of the acoustic resistance of the aperture under
steady flow conditions; this resistance we shall call the differential acoustic
resistance, Strictly speaking it is the complex impedance of the aperture
which should be specified. Since, however, even for moderate flow velocities,
the impedance of the orifice becomes essentially real. so that the differen—
tial resistance is a useful quantity. To see this, we first examine the basic
origin of kinetic mass.

The acoustic reactance of a system driven at a single point can be expressed
in terms of the time average of L, the Lagrange function for the system evalu-
ated for unit terminal volume velocity amplitudei3]. To a first approximation
a small orifice (and the tube to which it is coupled) is a system whose beha-
vior can be expressed in terms of the driving pressure, p. on one side of the
orifice and Q. the volume velocity through the orifice. Thus, neglecting
interaction between the incident wave and the scattered wave from the orifice,
we have for reactance X of the orifice

x = d ijL ]av (8)Q=l

If all boundaries are rigid, L v can be expressed in terms of volume integrals
of the average kinetic and potential energy densities tav and vav

LAv = f(tav - vav)dT (9)

where the integral extends throughout the region occupied by the field. The
reactance of a small orifice in a tube is given approximately by (3) provided
the orifice is considered to scatter as a simple source. In this case the
integral in Eq. (9) is taken over a spherical volume concentric with the ori-
fice and extending to a radius r , where rt is the radius of the tube. An
examination of the integral (9) shows that in the limit when the orifice radius
rt, and for wavelengthszlong compared with the tube radius. Eq. (9) approaches:

90
O

hanro

 

L + T v = (3 + 5) (10)AV A

The number 3 in the bracket represents the kinetic energy in the region outside
the hemispherical taps covering the orifice, while 5 represents the kinetic
energy inside.

If a steady stream is superimposed on the sound field, the jet of gas issuing
from one side of the orifice will destroy the coherence'of the mass contained
inside the hemispherical cap on the exit side. '

PtoolDA. Vol7 Peru (1935) 3  
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This will remove 1/2 of 5/8 of the kinetic mass of a thin orifice. It is not

known how to determine the destroyed fraction of kinetic mass on the inflow

side. Assuming for lack of alternative. that the same loss of mass occurs on
both sides, we could expect the reactance, under flow conditions to be 3/3 of

its normal value. This reduction is in accord with measurements.

We next derive the expression for differential resistance, RD. This is faci—

litated by reference to Fig. l, which serves to summarize compactly the three

kinds of resistance, and some approximations involved in their derivation.

The pressure-volume velocity curve is drawn assuming a consuant coefficient of
contraction. if we consider the response to a small signal superposed on a

relatively large steady flow, we see the differential resistance is defined to

be (jus: like the dynamic resistance of a vacuum tube) the slope of the p-Q
curve at the operating point established by the steady flow velocity. Thus

the differential resistance is obtained by differentiating the flow equation

(7) '
RD =§E=fl_ (11)

so that we may express the differential acoustic resistance in terms of the

flow resistance:

31> ‘ 2 “r ‘ (12)

Eq. (12) will represent the facts if the coefficient of discharge has the same
value for steady flow as for pulsating flow. I have verified Eq. (12) experi-

mentally.

A differential flow resistance (not to be confused with the differential acous—
tic resistance) can be defined which specified the d—c flow resistance of the
orifice when an alternating flow is superposed. The problem of modulated flow

through an orifice has received some engineering attention because of the

errors caused by pulsations in orifice—type flow meters. By straightforward
means LindahlEA has obtained an expression relating the average flow through

an orifice under a pressure head p = P + 6p sin wt where 6p << Po.

3c /£:_i__]i.£ (13)
Qav d p L 4

Pa
16P2 1024

a

The differential flow resistance is

PO

RDF QAV

which is. from (12) and remembering that p << Po:

2 2 A
. _°°._ L isRm, 2 1 + 1/8(P ) + my}? ) (14)

2(5Cd) o o
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DEFINITIONS
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The bracketed term is obviously a correction factor to the steady flow resist-

ance RF. which must be applied when there exists a small sinusoidal pressure

disturbance.

The Orifice as a Rectifier

The distortion products and steady flow terms produced by an orifice are

briefly investigated in this section. We proceed to obtain an expression for

the third, and predominant harmonic. Starting from a quadratic pressure-

velocity relation 1: - KQZ, we look for the first two Fourier components of Q

when p is sinusoidal. If we say

p a Posin wt,

and Q = a sin mt + b sin But

the coefficients a and b are

 

-1 -12x If - 2x If
a = T2 f"(sin wt)3/2dmt = o

a h?

and -1 -1
2K J? an M”

11' . 1/2 ['(9/4)
b = To— Io sin 3mt(sm mt) dwt = 3a - —-—Fr—°

Thus the ratio of the third harmonic velocity component to the fundamental is

b 1 ,.8... 7 (15)

This is equivalent to a third harmonic that lies 16.92 : 17 db below the funda-

mental, a result in accord with a certain experiment[5].

The second harmonic component, usually weak in comparison with the third,

becomes predominant if a steady flow is superposed on the a-c signal. This is

most easily seen by expanding directly the expression for velocity

 

-1 1/2
Q a K (Pdc + P“ sin ut)

considering Pac Pdc

' sac sac 2 2 P 3
o = K 1P 1 + sin or - 1/a(——) sin u: + 1/15(—"‘5) sin 3w: . . (16)dc 2rd: Pdc Pdc

From Eq. (16) it is evident that the second harmonic term is greater than the

third by a factor of at least Fae/Pdc. This effect is easily observed experi-

mentally.

Finally we consider the effect of driving the orifice with an asymmetric wave

form such as that depicted in Fig. (2a). While this wave form has a zero

average value. its square root moment plpl'“2 differs from zero as is demon-

strated in Fig. (2b). The average volume velocity is proportional to plpl‘l/2
so that the orifice is seen to behave as a pump. Experimentally it has been

possible to derive enough power from this action to drive a mechanical wet-

test flou meter.

6 Proc.l.0.A. Vol7 Part2 (19851
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THE ORIFICE--EXPERIMENTAL RESULTS

General erimental Techni ue
The orifices studied in this work are small sharp-edged orifices whose dia-

meters are at least two orders of magnitude smaller than the wavelengths of

sound used. The principal results were obtained using orifices having diameters

of 0.357 cm and 0.5 cm. The range of thickness extended from 0.05 cm to 1.25

cm. The orifices used were also those employed by Ingard 6 . 'When radius and

diameter conform. the orifices used 3*us are also the same ones that wTET

employed by Bolt, Labate and lngard[ , as well as by Ingard and Labate .

All measurements were performed with the orifice situated axially between two

tubes, one having an inner diameter of three inches, the other two inches.

Fig. 3 is a block diagram of the principal ingredients of the experiment with

the exception of the conventional oscillators. amplifiers. etc. The driving

cavity to the left of the orifice was made as small as possible so that high

alternating pressures could be generated within by thehigh powered western

electric horn driver unit. The coupling cavity was 2" long with an inside
diameter of two inches.. The output side of the orifice was coupled by means

of a l-meter long steel tube of 3" inside diameter to a Fiberglas cone whose
normal incidence absorption coefficent was 0.99+.

Acoustic resistance was determined by a transmission loss technique. The in-

cident driving pressure was measured by the upstream sound-cell while the a-c

volume velocity through the orifice was indirectly determined by the downstream

sound cell. The upstream sound cell was placed sufficiently close to the

orifice so that no wave correction had to be applied to its readings. Inter-

ference from higher order modes was non-existent by virtue of the large values

of resistance which were encountered.

Flow resistance was obtainedby measuring the time required for a metered

quantity of air to flow through the orifice under a fixed pressure head.

Within the approximations set forth in Fig. l. the d-c pressure head is measured

by the inclined draft gauge. No static pressure tap was used on the downstream

side of the orifice; the orifice was sufficiently small in relation to the tube

so that the discharge could be considered to be into atmospheric pressure.

Flow Resistance
It was noticed that the logarithm of the pressure plotted against the logarithm

of the volume velocity fell extremely closely on a straight line. provided U.
the average particle velocity through the orifice exceeded about 150 cm/sec.

Above 150 cm/sec the exponent in the proportionality puU“ was very close to
two as can be seen from the values tabulated below:

diameter thickness n
cm cm

.09
5 .05

.5 .32

.5 .64

.5 1.25
5 1.90
5 2.54 H
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For flow velocities less than 150 cm/sec the log p — log Q relation appears to

fluctuate appreciably from a straight line characteristic, a definite tendency

to break up being noticed at about 100 cm/sec.

The data have been correlated and expressed in terms of the d—c flow resistance

by obtaining the ratio of the pressure to the volume velocity. 3The data are ’

given in acoustic ohms which have the dimensions of dyne-sec/cm or gm-sec/cm‘.

The measured values of flow resistance are given in Figs. 4 and St Plotted for

comparison is the value of flow resistance computed from Eq. (7). A discharge

, 1.1 . . . .‘r . . .
coefficient -3- = .15 was chosenr This value or the coerticient 15 rougnly

consistent with values given in the literature and it enables the flow resist-

ance to be written in a simple way.

_ gel = _$;lEQ_ . 29 = EH -For C — 2 . R.F 7(SC )2 82 S , (1/)

- d

in terms of the average velocity through the orifice U, the orifice are S and

the density of air 0. The measured value of the discharge coefficient is ob—

tained by equating

= 1.199
(RF)mea5. 2(scd)2

hence

cd= /?fi— =.7z. /% (18)
' meas. RF mess.

The quantity under the radical is the ratio of the resistance obtained from

the heavy curve, %g , divided by the experimental values drawn in lighter lines.

Thus the actual coefficient of‘discharge, evaluated at 500 cm/sec for the thin

orifices turns out to be

C = .7é ~4— = .66 for the .5 cm orifice

 

= .66 for the .357 cm orifice

A similar computation carried out at 500 cm/sec leads to a value of .37 for

both the orifices which are 0.64 cm thick. These larger values of the coef-

ficient obtained for thick orifices result from a decrease in the contraction.

A similar computation for the 2.54 cm orifice would indicate that the discharge

coefficient for the .5 cm diameter orifice had passed through a maximum, the

coefficient now being reduced by the increasing importance of friction in

thicker orifices.

The Measurement of Non-Linear Resistance
The transmission loss through a small orifice can be divided into two regions:

a low amplitude region in which the transmission loss is independent of the

amplitude of the incident sound level and a high amplitude region in which the ‘

10 Proc.|.'O.A. Vol7 Part2 (1885)
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transmission loss depends considerably on the incident sound pressure. In the
low amplitude, or linear region. the transmission loss is controlled mainly by
the mass reactance of the aperture. In the non—linear region the loss is
governed by the non-linear resistance of the orifice.

Figure 6 depicts a typical measurement of the sound pressure level transmitted
into a three-inch pipe, plotted as a function of the incident sound pressure
level. The onset of non—linearity is clearly defined by the abrupt change in
the slope of the curves plotted in Fig. 6. In the linear region the slope is
1 db per db: in the non—linear region it is 1/2 db per db. The influence of
mass reactance shows up clearly in the linear region of Fig. 6. The trans-
mission loss is seen to increase directly with the frequency at low sound
levels. In the non-linear region the curves approach each other and can be
represented by a single line. The exact point at which non-linearity sets in
is a function both of the frequency and-the geometry of the orifice. The
critical sound pressure level at which the transmission loss deviates from
constancy increases about six db pet octave for the orifice of .5 diameter
and roughly about 12 db per octave for the .357 cm orifice.

The values of the non-linear resistance obtained by the transmission loss
measurement technique are plotted in Figs. 7 and 8. The data are given in
acoustic ohms which have the dimensions dyne—sec/cm5 or gm-sec/cmé. The data
were obtained over a frequency range extending from 150 cps to 800 cps. The
non—linear resistance was measured at particle velocity amplitudes between
2000 and 7000 cm/sec; the values plotted have been linearly extrapolated to a
particle velocity amplitude of 500 cm/sec.

 

The resistance appears to increase to its d-c values. It was not possible to
determine whether this increase was monotonic as measurements were not obtained
at frequencies below the cut—off of the pc termination.

It is important to emphasize the fact that the values of resistance given in
Fig. 7 were not measured at the peak velocity of 500 cm/sec. These data will
agree with measurements obtained at 500 cm/sec provided the frequency is low
enough to insure that the orifice is in Ingard's jet region.

It is evident that a high degree of correlation exists between the measurements
of non-linear and flow resisrance. This correlation is even more evident when
the two kinds of resistance are plotted for various values of the orifice
thickness as is done in Fig. 9. It is particularly clear that the effects of
reduced contraction influence the non-linear resistance. According to Eq. (6)
the non-linear resistance should be 10 percent greater than the flow resistance
provided the same coefficient of discharge is applicable in both cases. It is
evident that the non—linear resistance for thin orifices is considerably less
than Eq. (6) predicts. This implies that the coefficient of contraction is
greater for alternating flow (by about 30 percent) than it is for steady flow.
For thicker orifices, the non-linear resistance and the flow resistance are
very closely equal. This result agrees with our assumption of a suppressed
contraction in the case of orifices whose thickness-to-diameter ratio exceeds
about 2.

Measurements of Differential Acoustic Resistance
The differential resistance for two thin orifices of diameter 0.5 and 0.357 cm
have been measured by techniques similar to those employed in the previous
section. These results are given in Fig. l0 and 11, in terms of acoustic

Proc.|.O.A. Vol7 Part2 (1985) 13
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resistance which has the dimensions of dyne—sec/cm5 or gm-sec/cm‘. The

measured values of flow resistance multiplied by 2 are plotted for comparison

as well as the equation (11)

7i" . (19>

 

In general the measured differential resistance is less than the flow resist-

ance times 2, and greater than the value calculated directly from the above

equation. The measured points corresponding to twice the flow resistance have

been omitted from the plot since they would fall on the given solid line. In

obtaining the differential resistance, , the a—c velocity amplitude is always

considerably less than the superposed d-c particle velocity. As can be seen

from Fig. 5, the direction of the d-c flow does not influence the results

within the estimated experimental error, which is about 20 percent.

For sufficiently low values of the d-c flow velocity the magnitude of the ori-

fice impedance becomes independent of the d-c velocity. These constant magni—

tudes of the impedance have been plotted arbitrarily at 100 cm/sec on the

abscissas of Figs. 10 and 11. It is of interest to note that for flow veloci—

ties of the order of 200 cm/sec the differential resistance is less than the

magnitude of the impedance at lower velocities. This means that the acoustic

conductance reaches a maximum Value and thereafter decreases approximately

linearly with a further increase in flow velocity. This behavior may be

qualitatively explained in terms of the mass reactance which, for the orifices

considered, was greater than the resistance. As the d-c flow increases the

coherence of the air mass that contributes to the reactance is destroyed,

resulting in a decreased mass reactance and therefore an increased conductance.

A further increase in the flow velocity increases the differential resistance

so that ultimately the resistance overrides the effect of a reduction in

reactance.

The transmission loss technique is inherently incapable of measuring the

differential resistance unless this resistance exceeds the magnitude of the

reactance. Conversely the reactants may be measured by this method only when

its magnitude exceeds that of the resistance. More accurate measurements of

the differential resistance and of the degendence of the reactants on flow

have[F¥?sequently been made by McAuliffe[ ] with the precision impedance

tube . In Fig. 12 McAuliffe's results for the differential resistance of a

.5 cm orifice are compared with our Eq. (19). The resctance is discussed in

the following section.

The Influence of Steady Flow and Large Amplitudes on the Reactance

The reactance is observed to decrease considerably with the initial increase

in flow velocity. It thereupon levels off to a constant fraction of its

former value. It is observed from Fig. 12 that the reactants drops from

26 ohms at zero flow velocity to about ll ohms at high velocities. This is a

fractional reduction in the kinetic mass of 11/26 = .62. which is to be

compared with the fraction 5/8 .33, derived from the approximate theory

presented in Section 11-3.

18 Proc.l.0.A. Vol‘l Pan2 (1585)  
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We consider briefly now what we meant in Section II-l hy the statement
". . . the jet of gas issuing from one side of the orifice will destroy the
coherence of the mass contained inside the hemispherical cap on the exit side”.
We adopt the criteria that an element of mass is coherent if it remains within
the region bounded by the hemispherical caps on either side of the orifice
during one complete period; otherwise it is incoherent. This leads to the fol-
lowing critical relation between the frequency f, the radius re and thickness
t of the orifice and the maximum flow velocity vd of the particles:

vc = f(2ra + t) (20)

Applied to the data of Fig. 12 which was obtained at A00 cps, we obtain a crit-
ical velocity of 220 cm/sec, which is about one—half the velocity at which the
experimentally determined reactance has reached its stable value for high flow
velocities. In Fig. 20 this criterion is applied in a slightly different way
to the data of Fig. 12 as well as to some additional data. He now use the
above concept to estimate the velocity at which a constant non—linear reactance
is attained. From considerations similar to those used in the steady flow
criterion. we assume the critical particle displacement amplitude in the ori-
fice to be Ec = (Zro + t). Then if uc is the critical velocity amplitude in
the orifice, we have for alternating flow:

EC = (Zr° + t)

or ' (21)

uc = 2"f(2ra~+ t)

We apply these last two relations to Ingard's measurements (see Fig. zn) of the
non-linear reactance. He note that the reactance of the .357 orifice has
stabilized by the time {It = 6. Since this orifice is .1 cm thick,_the criti-
cal displacement is 0.6 cm from experiment. From Eq. (4) we find:

EC = (.357 + 0.1) = .66

which is fair agreement.

The Pumping Action of the Orifice
In Section 11-“ it was shown that an orifice driven by apressure wave having
a non-zero square root moment should behave like a pump. This behavior was
confirmed in a single experiment with the .357 diameter orifice having a
thickness of .09 cm. With one obvious exception, the experimental arrangement
was equivalent to that utilized in obtaining the differential resistance.
Instead of forcing airflow through the orifice. the orifice was calledupon
to pump air through the flow meter. The required pumping power could be esti-
mated from the product of the pumping rate times the static head which also
was measured. The desired waveform was obtained by combining a 600 cps tone
with its second harmonic, both having the same sound pressure level, 152 decie
hels measured behind the orifice. The relative phase between the two waves was
adjusted until the maximum pumping rate of .95 liters per minute was achieved
against a pressure head of A" which represents a working rate of the order of
one milliwat. The power fl dissipated by the orifice can be estimated from the

Proo.l.OA. Vo|7 Part2 (1385) 21  
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relations
2

- 1‘1 Q 90= Z = rms Beak
" QrmsRNL 22(cds)
and

W a PmBQmS

from which we obtain

  
3/2

‘T 1.19 cdspms
where the symbols have their usual meaning and P is the pressure incident
on the orifice. Using as an a-c coefficient oner¥fiat is 30 percent greater
than the d-c coefficient we compute that 3 watts is dissipated in the orifice.

The mechanical efficiency of this pump is evidently less than one tenth of
1 percent. Possibly this efficiency could be improved by altering the wave
form. Thicker orifices of the same diameter were found to be less efficient
pumps.

The fact that small orifices pump quantities of gas has meant that extreme
care had to be taken to eliminate small leaks from the tube before valid
measurements of the force on objects could be made.

THE THEORY OF STEADY OSEEN FORCES CAUSED BY SOUND NAVES

Introduction .
In general sound waves cause steady forces on objects with which the waves
interact. The nature of these forces is understood provided one restricts
the considerations to ideal fluids lacking viscosity, and heat conductivity.
In these cases, if the object is not under steady translation, these forces
are due to the well-known radiation pressure. '

Consideration is given here to the influence of asymmetry in the velocity wave
form of the medium. It is shown that asymmetry in the wave form will give
rise to forces, which cannot be explained in terms of the concepts of radia-
tion pressure, but which are caused by the non-ideal nature of real fluids.
We have chosen to call the forces arising from asymmetry in the velocity the
Oseen-type forces. This has been done in order to emphasize the connection
between this force and the force resulting from steady flow which was investi-
gated theoretically by Oseen. The relative order of magnitude of the differ-
ent forces is depicted in Figure 13 in which r is the radius of the sphere.

The asymmetry in the velocity required to produce Oseen-type forced may be
realized.in several ways. We have chosen to examine in detail the effects of
asymmetry obtained by combining two or more harmonically related waves. The
asymmetry which results from endowing either the medium or the particle with
a steady velocity in addition to the large amplitude harmonic disturbance is
also studied. We have found that these forces which come about through the
combined effects of a non-ideal fuid and an asymmetric wave form can be ten
or more orders of magnitude greater than radiation pressure.

Proc,l.O.A. Vol7 Part2 (1985) —*;l 
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The non-ideality of the fluid is apparent in the force velocity relation,

which is found to exist for bodies undergoing uniform translation. It is
well known that an ideal inviscid fluid exerts no force on a body undergoing
uniform translation. In a real fluid the force velocity relation is in
general non-linear. Hence any treatment which does not take into account the

real character of the fluid is apt to lead to unrealistic conclusions.

The Wave Drag Coefficient

In discussing the steady forces caused by sound waves. it has heen found ex—

pedient to introduce a quantity called the wave drag coefficient and symbol-

ized by D". This coefficient is defined as the magnitude of the force per
unit local acoustic energy density* divided by the object area projected in

the direction of the undisturbed particle velocity. The coefficient Dw may be

thought to be the magnitude of the sum of a number of partial vector drag co—

efficients

each d representing forces arising from one specific mechanism. The fallowing
partiaE drag coefficients are of interest: d , arising from radiation pressure:
d2, involving mean viscous forces; d3, descri ing the so-called Oseen-type

forces.

In the experiments reported later, the Oseen-type forces are much greater than
all the others, so that it is proper to set D" = |d3].

The Ocean-Type Forces

The force acting on a sphere moving at a constant velocity relativeto a vis-
cous medium can be written to include a term depending on the square of the
velocity u:

___. 9 I
Force = Err uou [l + k Iul ] (22)

where the first term is the well known Stokes law, and the second term involves
a constant k that is usually determined experimentally. In steady flow. k is
given approximately by Oseen's second approximation to the relation for the
drag on a sphere. The relation (22) is usually expressed by giving the hydro-
dynamic drag coefficient which is defined to be the ratio of the force divided
by the projected area of the sphere and the kinetic energy density of the fluid.
If C is the drag coefficient then. to within Oseen's approximation, Eq. (22)
may be expressed as:

cuzax‘1{1+%}=zm'1+p (23)

where K is the Reynold's number for the sphere.

Inasmuch as Oseen's approximation appears to account in a crude way for the
facts of steady flow, it is natural to ask to what degree the approximations
will hold for non—steady flow. The point of view adopted in this and the

 

*In some instances we have used twice the average local kinetic energy den-
sity in place of the energy density. This allows results obtained in travel-
ling and standing waves to be compared against a common theoretical curve.
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succeeding section has been to adopt Oseen's approximation as a point of ref-

erence against which experimental results may be compared. In order to carry

this program out we first assume Oseen's law to be instantaneously applicable

and proceed to derive the consequences of this assumption for non—steady flow.

It may be worth pointing out that for most of the experiments we have done. the

objects have been so small and the frequencies so low that the first order

acceleration forces are of the same order or smaller than the first order

viscous forces. The time average of the first order acceleration force is zero

in a periodic waver We neglect second order acceleration forcesi The accel—

eration forces are tied up with the virtual mass of the sphere. It is possible

that the virtual mass is very much reduced under the influence of large alter—

nating amplitudes. This latter point is discussed further in Section 2 of

Chapter VII. '

It is easy to see that if u is periodic and has a zero average value. the first

term in Eq. (12) contributes nothing to the average value of the force.

whether the second term contributes to the average or not depends on whether

the average ,‘

wT in ulu‘dt

is different from zero. There is an infinite variety of periodic wave forms

which have an Oseen-type moment different from zero. One of the simplest is

obtained by combining two harmonically related waves in proper phase as indi'

cated in Fig. 14.

 

(24)

A more general wave than that depicted in Fig. 16 is obtained by considering

as adjustable parameters f, the fraction of second harmonic and d, the rela-

tive phase angle between the fundamental and second harmonic. Such a wave

form would be the following:

u = uo [sinmt + f sin(2m: + ¢)} 1

It turns out that the normalized Oseen—type moment of this wave can be ex-

pressed as the product of two functions

fl—l = GUN“)
u
o I -G(f)ein¢

Here C(f) is a function of E along and o is a function only of the phase

angle.

It is considerably nearer to deal directly with the wave drag coefficient, d ,

instead of the force. For this more general wave, then, the coefficient d3

turns out to be

d = (:0 D = -I..5 6 sin 9 (25)
3 2 2

1 + E 1 + f

for a plane progressive wave.

26 Proc.l.O‘A. Vol7 Panz (1985)   
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The factor (1 + £2) in the denominator is proportional to the energy density
in the wave. The function G can be shown to be given by the following expres-

sion: .

'7'
c = l {x HT? If; Ex (3 - 2x2) 4:2 xvi - x2 [2x2 - 11- y(l + £2)} (25)

where x = cos y

and

y=1/2 cos-l]:;2 (W-lil

Approximate and4:symptotic expressions for G are easily found to be

c + g; as E + 0

sign—’3 -%=.287forf=l

c+nl=.31e est-H»

From these relations we see that the drag coefficient varies inversely with
the harmonic fraction, f, for small f, whereas for large f. d3 varies inversely

with the square off. This means that d3 will have a maximum with respect to

f.

Finally we investigate the wave drag coefficient d3 for a sphere in a moving

stream of.gas or liquid. The Oseen-type moments have been evaluated for a

velocity wave consisting of a constant d-c term in addition to a sinusoidal

component. In the event the amplitude of the alternating component is less

than the d—c term the velocity may be written

u - u°[1 + f'sin wt] . f' i 1 (23)

where 6' here indicated the modulation index. The Oseen-type moment of such

a wave can be expressed as

ulul = (1 + 54/2»: (29)

In the event 5' > 1 we may write for the velocity

u = uolsin wt + E] , f i 1 (30)

for which case the Oseen-type moment is shown to be

ulul = 8(5) 'u: . (31)

where 8(5) = % [(1 + 252) sin-If + 3: J1 - £2]

ands“?f forf<< 1,

8(1) - 3/2

28 Proc.|.O.A. Vol? Parlz (1935)  
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By means of Eq. (29) and the fact that Eq, (28) can be written as

u = (f'uo) [l/f' + sin wt],

3(5) can be defined for any f i 0.

We are not too much interested in the total force experienced by the object
in a combined sonic and flow field, If we were, we would also-‘have to take
Stokes' law into account. What we want is the additional force caused by the
interaction of the sonic and flow fields. Thus it is necessary to subtract
from Eq. (31), f2, the Oseen moment of the d—c flow field. This leads to a
differential 6, called 8d and given by:

ZBd=B-f (32)
from which we can obtain the wave drag'coefficient pertaining to a sinusoidal
wave in the presence of steady flow:

d3=cad=4.ssd torfil

and

d =9-275 f f>l (333 2 " °r — )
Thus a d has been found which represents the interaction force per unit
project area divided by the acoustic (not including the steady flow kinetic
energy) energy density. From Eqs. (33) it is seen that d depends through 8
on the steady flow fraction E provided this fraction is less than unity. If
E > 1 the drag coefficient is a constant. In the experiments described later
the flow velocity was maintained at a fixed value, while f was varied by
changing the sound pressure level. In the experiments combining flow and sound
the condition f << I was realized so that over the available experimental
range

d

d3=4.5 Ed and f<<l

z 4.5 by virtue of Eq. (32)

s lé£ by virtue of Eq. (31)

In Fig. IA we have compared the three types of forces discussed so far. The
chargeis primérily intended to convey orders of magnitude and it pertains to
spheres and wave numbers for which kr<< 1. Traveling waves as well as standing
waves have been treated. The curves-for radiation pertain to the classical
radiation uressure.
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