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Introductio

The natural vibrations and waves in elastic. homo-
geneous. isotropic circular cylinders, first studied by
Pochhammer [l] and Chree [2]. have since been investi-
gated in considerable detail. as reviewed by Armenakis.
Gazis. and Herrmann [3] who give a set of tables of
natural frequencies for various.isotropic cylinders.
The extension to layered cylinders has also received
some attention. but. with the exception of axisymmetric
motions in a two isotropic-layered cylinder. the behav-
ior of general laminated orthotropic cylinders remains
essentially unexplored. The frequency analysis of such
bodies presents no conceptual difficulties; a frequency
equation is generated by combining the solutions of the
field equations for the various layers in accordance
with the interlayer force and displacement continuity
requirements and free surface conditions. However. for
all but the simplest cases the algebra involved in the
generation of the frequency equation is very cumbersome.
and its solution is nearly intractable.

In this paper an extended Ritztechnique is used to
determine the natural frequencies and associated dis-
placement and stress distributions of infinite circular
cylinders. The cylinders are composed of an arbitrary
number of bonded cylindrical layers. each composed of a
distinct cylindrically orthotropic elastic material.
The analysis is based upon the complete linear three— .
dimensional theor of elasticity. The essence of pres-
ent technique, which was previousl used for straight
crested waves in laminated plates fh], is a mathematical
idealization of the radial portion of the displacement
behavior of the cylinder. while specifying explicitly
the displacement form in the circumferential and axial
directions. The idealization leads to an algebraic
eigenvalue problem which is solved by an effiCient .
direct-iterative eigenvalue solution technique [5]. For
this paper the lowest ten frequencies and as50ciated
displacement distributions were obtained simultaneously
so that stress distributions can easily be obtained.
Several examples are presented which illustrate the  



 

accuracy and wide range of applicability of the method.

o at' d Sol ‘0 d

To apply the extended Ritz technique the cylinder is
divided into a number of cylindrical subregions with
inner radius rb and thickness h. with h<<rb. Each sub-
region is called a lamina and can possess distinct cy-
lindrically orthotropic elastic properties and density.
A lamina is not to be confused with a laminate, which
can be modeled by a number of laminas. With reference
to cylindrical coordinates (r.9.z), the corresponding
displacement components ur. ue. u; are taken in the
form -

u,(r.s,z,t) =U,.(r,t) cos n6 cos («a/A)

u,(r,e,2,z)=U,(r,t) .51an cosl-rre/M (1)

u.(r,e,z,t) =U;(r,t) cos n9 sm [17 2/50

, where A is the axial wave length. n is the circumfer-
ential mode number, and t denotes time. The functions
Ur, U9. U: are as yet undetermined. Although eqs. (1)
represent a standing wave there is no loss in generality
to travellirg waves. The displacement form is the stand-
ard form which appears in studies of isotropic cylinder
v‘brations. and since it passes properly through dis-
placement equations of motion and boundary conditions
for cylindrically orthotropic materials, it is also
applicable here. For this paper an approximate quadrat-
ic form in r is assumed for the variables Ui(r,t).
1 = r.e.z,

UJ-(r,t)= UJunuvshzfi‘]+q.(t;[%-%‘ +
(2)

+Uja(t)[Zi"‘-FJ , J’=r,9,2

where 2 is a local radial ordinate for the lamina

?=(r—n,;/h ,— o'sfs1 (3)
and U-b, Uji, Uje are generalized coordinates represent-
ing t e displacement components at the back. middle, and
front nodal surfaces, respectively.

The potential and kinetic energies for a particular
lamina T and V, respectively, are obtained by "tegrat-
ing over a lamina volume of length 5‘

A z aoh

V: (CHE: *Qz€:g+Cn€:. ‘*
a a r, (1*)

"' 2 (CI: 51-1-5" 4‘ CHEN-5n * C235” Eu) *-

+9 {CHE}: + Cu 6:. + CaEAUr‘drc/s d:
and
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T: é/[lplafimhdfilrdrdedz

where 6;] is the small strain tensor. C; are the
elastic modulii and is the mass density for the
lamina. and the dot denotes differentiation in time.
Substitution of the displacement forms. using appro-
priate strain displacement relations. into V and T gives
in matrix notation

V ZHrflth'v}
_T= mifmhr}

where [k] and [m] are the stiffness and mass matrices
for the lamina and

'(5)

T .
{r} = { Ur: U...,U..,U,‘,uhueuhumun} <6)

The difference L of the kinetic and potential energies
of the complete cylinder of length A is formed by
summation of all the corresponding lamina quantities.

Elwin/1H0}siufmiu} m
where [K] and [M] are the stiffness and mass matrices
respectively and {U} is the set of generalized coor-
dinates for the entire cylinder. Application of Hamil-
ton's principle on the function L gives

[KNUPIMHUFO I (a)

“or simple harmonic motion {U} is of the form

{U}={U.}e“”t (9)

where ml is the circular freqLency. Substitution of
eql (9) into eq. (8) gives the eigenvalue problem

(10)

Equation (10) is examined by “‘2 of a direct iterative
eigensolution technique [5] i. which the rank of the
problem is reduced by employing a limited number of
generalized coordinates. A Stodola~Vione11a type
iteration on these generalized coordinates gives simul-
taneous convergence to the desired number of lowest fre-
quencie . Thus it is possible to examine the general 



model. eqs. (10). without dealing directly with its
eigensystem. In this paper eighteen coordinates were
used to insure rapid convergence to the lowest ten fre—
quencies. The procedure simultaneously gives modal
displacement patterns so that stresses can be calculate
directly using the Constitutive relations.

Examples

A number of examples are presented to indicate the
accuracy and range of applicability of the method.
Several isotropic cylinders are examined and the re-
sults compared with those in [3]. A slightly ortho-
tropic cylinder is investigated and the results com-
pared With an approximate @ix mode) elasticity theory.
and two highly orthotropic examples are also presented.
A final three layer orthotropic cylinder is considered
to indicate-the very complicated physical behavior of
laminated orthotropic bodies. The examples give an in-
dication of wide range of applicability of the method
and also of its usefulness for determining the range of
validity of various linear shell theories for laminated
cylinders.
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