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INTRDDUET IDN

Transient analysis of piezoelectric elements has hitherto been achieved by the
application of the Laplace transform to the wave equations for piezoelectric
materials [1, 2]. The time domain transient solution is obtained by inverse
transformation or algebraically complicated Laplace transforms. The method
requires much algebraic manipulation and is only useful for simple input
functions such as the impulsa. step or ramp. In this paper we present "a
technique which overcomes these problems and provides for calculation of the

transient response recursively. The z-transform is applied to the circuit
model a? a piezoelectric element to yield a discrete time model of the device.
The model yields a recurrence relationship which represents the device as a
digital filter and this can be applied to any real input function, irres-
pective of the complexity of its Laplace transform.

CIRCUIT MDDELS DF FIEZDELECTRIC ELEMENTS

 

Equivalent circuits of piezoelectric elements may be based on real Frequency
(3) or the Laplace variable, 5 (1]. Fig.1 shows the equivalent circuit of a
plate transducer: it is a three port model and relates the variables at the
electrical terminals to the forces and velocities of particle motion at the
acoustic faces of the device. The ideal transformer converts electrical to
mechanical energy and the impedances 21 and 22 result from the time delays
associated with acoustic reverberations in the element.
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T is the element reverberation time. By conventional circuit analysis tech-
n ques the relationships between the variables at the three ports can be

described by a 3 x 3 impedance matrix.
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Where (2 is the static capacitance of the device and N = Euhaa. The relation-

ship begween any pair of variables is obtained by application of appropriate
boundary conditions.
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As an example we considera free plate connected to a voltage source by a

terminated line (fig.2]. The boundary conditions are F = F2 - CI. The voltage
at the transducer terminals as a function of source voltage is, in its Laplace
transformation. '
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The continuous time solution could. with very muchalgebraic manipulation. be

derived by inverse transformation of equation 3 for particular input Functions.

However a very muchmore general solution is obtained using discrete time
modelling techniques, based on the z-traneForm.

THE DISCRETE TIME MODEL

The z-transForm variable is defined as 2 = a“. where T is the sampling interval
in a series of discrete time samples of a real continuous function of time. In

order to apply the z-tranefom to eou.3 we choose a sampling interval which is a

small Fraction Of" the device reverberation time, T = TD/m. whence

s-sTp = e-smT =-Z-m [4)

For functions of time which are hand limited to 1/4T the Laplace variable. s
can he represented by a zstransfom obtained by hilinear transformation

s = 2L1 - z'lmu o 2‘1) (51
Substitution of eque. A. 5 into 3 yields the z-transfom of the voltage at the

transducer terminals
-m-2VIZ) = [(A—mu—z ) * (A+B}Lz'"‘-z'21 v za{z"“'1—z'1)] v [z] (a,
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where A = 2CuZo/T, B = 2N2 and E = ZEDR/T. The transform of equ.6 is equivalent

to a recurrence relationship between the sampled time domain forms of V and vg.

it is

vin) = KD{K1v(n-ll v sztn-Zl * Kavtn-m] * KAVIH-m-l) + KEVIn-mAZ)

+ r6 vgtn] - ngn-m-Zl] o K7[vg(n»m1 -vg(n-2]] (7)

+ Ka[v (n-m-ll - v[n-1fl]g g
Where K = 1/[A‘AC-B), K1 = ZIAC‘B].

_ E ,K5 - [A Al: E], KE

  

= [A-ADB), K3 = '[A*AE*BI. K4? 2(Ac-e].
= [A-ol. K7 = [Ave]. and K = 28.

8

Equation 7 represents the circuit behaviour of the piezoelectric element as a

digital filter which evaluates the nth sample of the output waveform in terms

of the nth and previous samples of the input waveform and previously calculated

samples of the output waveform.
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CALCULATION AND EXPERIMENTS

Equetipn 7 was used to calculate the impulse response d+ a PETS plate (25mm dia-
x 2 mm thick) when existed 1n the eimuit nf fig.2 with sufiepuree and line
impedances [+ig.3!. Experimentally. the circuit was constructed using a standard
pulse generatemlydne F'WSN) ta supp1y a s'nprt impulse (20ne widtnl end the wave-
form at the transducer terminals was observed en en DEDillDEEDD (Teleduipment
D531] and phfltngrapned Hig.4!.

UISEUBSIDN

Tne impulse respunee Dbtair‘ed by measurement curreepunde Elmsely tn the ‘Fum
predicted by caleulatien. In other experiments [te be publishedl we have shown
that the calculated reepdree td rnur‘E' complex input functions is of camparahle
accuracy. The metnen ef calculation has the great advantage that it can be
applied ta any real input function. The same technique could easily be applied
td calculate electm—mechanieal transduction responses, again for any reel input
functions. We have used the technique extensively tp test new specimsr‘s m“
transdurar material.
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 Figs Caluflmed mum ream of FXEE: am, 25mm Ewn/Iaasmsd impulse responsenf PXEE disz;
dia 2.0mm thick. mmv cm". 0.5 ps cm".
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