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INTRODUCTION

Many new techniques have been proposed for imaging the human body by the
processing and manipulation of ultrascund data acquired from the scattering of
wave fields incident on some region of interest. The plethora of methods are
analysed here to show the following common femtures: (a) an underlying physical
model which prescribes the diversity of interactions thought to be amenable to
measurement; (b) & data acquisition configuration that restricts the full
caomplezity of interactions contributing to the measurements, and limits the impact
of possible artefacts; <{c) a computational model, which is essentially an
approximation scheme for linking the measured data to the interaction parameters
of the underlying physicel model. This approach serves as a unifying basis for
classifying the various quantitative scatter imaging methods. These statements are
illuminated below by the explicit working of a few telling examples.

SCATTER MAPPING

Consider that, for some hypothetical lpssless tissue, the scattering of 1linear,
longitudinal wultrasound waves is known to be caused by elasticity fluctuations
only. In this case, we adopt the (correct!) waderlying physical model:

vApip,t) - PULLEIET = YDPRL)/cT ' e

Here. p denotes the pressure field at location r and time t, " denotes Frats, c 1s
the (constant) mean ultrasound wvelocity in the scattering medium, and Yy is a
function of the elasticity fluctuations (vanishing for a uniform medium). For
simplicity, it will be assumed that ¥ takes on non-zero values only inside some
finite region, R, which is embedded inside a uniform medium with wave velocity c.

The following scattering experiment (data acquisition copfiguration} is performed
on the reglon of interest, E. An lncildent plane wave, of frequency f=c/x, and
"directed along the direction ni, is allowed to penetrate the region R. The waves
scattered into the directions, ps, are measured at some location quite remote from
R (far-field measurement), so that the scattering amplitude, ¢, may be deduced. [t
is easy to show that, in the first Born approximation (computational medel), the
scattering amplitude is given by [11

rlw = k3fedr.¥(r).expiigs) /4n 2}

with k=2n/), and g=(ns-nk. The three elements (viz. physical model, data model,
and computational model) of this lnverse scattering technique are now seen to have
been ldentified, and 1t is clear that, for imeging purpases, the desired output is a
mapping of ¥{(r) - to be reconstructed from the set of measurements, ¢(w). Given
the structure of (2), {t is immediately apparent that ¥ may be obiaimed by Fourler
methods: ’

YD = JAu o (uyexpi-iper} 227k )

In order to effect the inversion in (3), the scattering amplitude ¢ needs to be
neasured for all g-values. The different variants of the diffraction tomography
technique may be regarded as nothing but different approaches towards achieving
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that aim. Given that three experimental variables (ps, ., and k) may be varled in
order to sweep u through its desired range, it (s clear that a large number of
experimental techniques may be devised. Bote, however, that an essential
ingredient in all methods will be the recourse to computational methods inm order
to recover the desired mapping. The aim of any technigque will be- to produce a
quantitative map - i.e. -one in which image density relates in a well-defined and
known way to the value of the associated tissue lnteraction parameter. In most
applications, mixtures of parameters are more easily mapped: in these cases, only
spatially inveriant, scalar point functions of interaction parameters are true
candidates for gquantitative imaging.

IMAGE FUZZINESS

Coneider now the case that, unknown to the experimenter, scattering from density
fluctuations also occurs in the region of interest, R. FProvided that the "tissue”
remains censibly lossless, then the experiment outlined above yields the scattering
amplitude (1] .

TG = KSfadrlv) + RseniBir)l.expiiuer)/én 4>

where P(r> is a function containing the density fluctuations. I(u> represents the
measured data set, and is the input to the image reconstruction algorithm.

At this stage, the correctness of the underlying physical model becomes crucial.
If the model fn (1) 1s unwittingly assumed, then the inversion technique 1s
embodied 1n (3), since the true structure of the scattering amplitude will be
unknown. In this case, hawever, the data set I will not produce a guantitative ¥ -
map when substituted into an algoritbm of this type. Instead, the desired mapping
will be contaminated by B- and frequency dependent v4p- contridbutions. This
circumstance, that an image displaying a desired interaction parameter is corrupted
in some unpredictable manner by other intersction features not included in the
original physical model, was first identified by the the name "fuzziness” (2). HNote
that a fuzzy lmage may well dicplay an apparently high resclution - this last
feature belng more dependent on the quality of measured data <{(particularly
sampling and range in p-space) and finesse of the inversion algorithm employed.
Clearly, however, a fuzzy image will not, in gemeral, be a truly quantitative one.
In the example shown here, the incorporation of the spatial derivatives of § in the
final mapping results in this fuzzy image being essentlally non-quantitative: the
image density at a point does not depend, in general, only on the values af the
interaction parameters (Y, B) at the corresponding point in the object.

The c¢ritical importance of the physical model for all aspecis af quantitative
scatter imaging is 1illustrated by further consideration of the example (42,
Consider now that it is known that density fluctuations also contribute to the
scattering, and that the following f{correct) physical model is assumed:

P2p(r,t) - pPrLEI/E? = JDIPELI/CT + v BIvp(LLY) )

- Fow, the correct scattering emplitude is known by the experimenter to bave the
structure (4), and it becomes possible to devise data acquisition strategies for
obtaining guantitative scatter images. Thus, a data set Ie(y) may be acquired in a
scattering experiment for which the scattered waves are measured only orthagonally
to the incident direction. For these data, n=sn.=0, and (4} shows that substitution
of I~ into an inversion aigorithm of the type (3) will yleld a quantitative mapping
of ¥. On the other band, accumulating a data set loy) under backscaitering
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is related to characteristic impedance fluctuations. Thus, tae underlying physical
aodel aids in devising an appropriate data acquisition configuration, in order to
ninimise the artefacts assoclated with fuzziness. It is important to appreclate
thkat when the physical model contains two interaction parameters, then two
independent experiments, and hence data sets, are required in order to achieve
(two} truly quantitative images. The concept is eesily generaliszed to any number
af interaction parameters (3].

In practical applications to imaging human tissues, it should be remembered that
physical models such as (1) and (5) are not adequate, since they fail to take into
account the significant, frequency dependent, absorption processes occurring.
Moreover, additional scattering terms may be present, which arise from fluctuations
in the absorption parameters (4]. It is clear, therefore, that quantitative inverse
scatter imaging of human tissues will call for accurate physical modelling and
carefully designed data acquisition schemes, at the very least.

A CLASSIFICATION OF TECHNIQUES

A number of inverse scatter imaging methods have been propased and implemented
either with phantoms or real tissue data in recent years {§], W¥hile each of these
techniqués may be seen to ewbody the three components (physical, data, and
computational models) discussed above, it is on the basis of their data acquisition
configurations that they may be classified and distinguished,

6] These ‘“reconstruction-from-
projection” methods for praducing attenuetion and velocity maps may be interpreted
as {nverse scatter imaging techniques that rely on measurements of the forward
scattered fields only.

techniques employ back-scattered fields only. 4 wide
variety of different approaches have been proposed, but, to date, superposition
tomography (7] and flow imaging (8] are the twa variants that bhave actually
proceeded beyond the theoretical stage. Both have already been implemented in a
clinical setting, providing informative "in vivo" images in a number of different
nedical contexts.

was originally suggested by Nueller and his colleagues (0],
and has been extensively developed since then, spawning a large family of variants,
whose members are occasionally introduced as "new" techniques. All approaches are,
bhowever, characterised by their reliance on mneasurements of the angle-scattered
field. Despite its great flexibility (especially ta accomodate a wide spectrum of
physical and computaticnal models) and undoubted potential, diffraction tomography
bas lagged significantly behind the two 'previous categories in respect of its "in
vive" applications.

Despite the practical emphasis on tomographic Imaging, iaverse scatter techniques
are true three dimensional imaging methads, in principle. However, ultrasgund
penetrability in many human tissues will severely limit the possible applications
of even two dimensional imaging by this approach. Clearly, given the somewhat
sinmplistic physical and computational models accasionally invoked, it will be some
time before quantitetive scatter imaging is widely available. On the other band,
the CUT approach has probably adequately achieved this goal, albeit with only
modest resolution.

Proc.).O.A. Voi Part 2 (1986) 25




Proceedings of The Institute of Acoustics

IRVERSE SCATTER IMAGING

THE PROPAGATOR-REFLECTUR FORMALISH

There is another approach towards systematising the structure of the inverse
scatter Imaging techniques that we are considering here (viz. those utilising
linear, longitudinal waves) and has been called the propagator-reflector formalisnm

(3]. To introduce this, it is noted that the structure of physical models in
general, and of (1), (5) and (&) in particular, may be written symbolically as
Tp(g,t> = Bpr,t) G

where T is a ({linear) operator describing how the wave p propagates through a
uniform {or slowly varying) medium with interaction parameters- taking on the
(regional?} mean valves of the fluctuations actually occuring im the true medium,
and R is a linear cperator describing the reflections (= scattering} by the small-
scale variations in interaction parameters. A precise definition, and a more
detailed investigation of the significance, of these operators may be found in (3],
but we note here that the following three major prdblems of inverse scatter
imaging may be related to the components of this formalism.

fuzzipess has been described above, and is seen to be dependent on the accuracy of
the reflector model. ’

Distortion of the recovered image may occur, if the propagator madel is incorrect.
(Consider: amplitude distortion if absorpticn is neglected in 1, or geometric
distortion if refraction effects are omitted).

Resplution is determined ultimately by the sampling of the measured filelds and the
adequacy of the data set(s). However, it is also dependent on the computational
model <{as are the fuzziness and distortion). In this sense, resolution is
influenced by the physical model (¢ U + R), which determines the inversion
algorithm itself.

THE BORN APPROXIMATIOR

The first Born approximation ("1BA") is of some considerable interest, since the
inverse problem can be solved exactly when it is valid. This is demonstrably so
in (3} and (4. Clearly, it is important to have some idea of whether the 1BA
applies in any given imaging situation, and much effort has been devoted to
investigating its validity conditions.

In practice, computational models are checked, in an inverse scattering context,
by considering a relatively simple physical model. The exact scattered field from
a wvery c&imple (usually two-dimensional, rotationally symmetric) object is
laboriously computed, for the case of a simple input fleld, such as a continuous
plane wave. The emphasis on simplicity is dictated by the extreme difficulty and
computational intensity demanded by calculations of this type. This exact,
computed, field is then utilised to provide the data set from which the object is
recovered via the computational model under test. The success of the ipversion
algorithm 1s assessed by its ability to faithfully recover the original input
object.

Virtually -all realistically tested computational schemes depend on the Born or
Rytov approximations, and the validity of the former 1s discussed here. It is,
unfortunately, difficult +to extrapolate from results obtained in computer
experiments of the type outlined above: these are limited to very simple, two-
dimensional objects, and their generality is not clear.
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In the following, we propose a somewhat differept approach to this problem, based
on the seemingly simpie observation that the 1BA capaot be expected to be valid,
in general, unless the full Born-Neumann expansion converges.

Ve choose to work within the framework of a relatively straightforward, but much
used, physical model, viz: the inhomogeneous Helmholtz equation. This describes a
loss-less medium with a fluctuating, spatially varying, (acoustic) velocity, c¢(gJy,
such that

¢ElL) = ¥l + n(o-? iy

with co constant, and all velocity variations incorporated into n{r). A linear
acoustic wave, p(r.t)=y(Dexput}, with w=cok, will propagate through the above
medium according to

C WY + kR = -n(pUkEy D) i 8>
It is convenlent to express the Helmboltz equation Iin its integral formulation:
Y = yolry + E3Ar'G(r.C'hn(cvic") 9

where ¢o denotes the incident field ¢i.e. the wave that would exist in the absence
af the velocity fluctuations), and G denotes the Green's function appropriate for
the scattering problem,

Gar') = explikir - c'l}/4nip - 't (10
In an entirely symbolic way, the integral equation can be written

¥y = do + Ky 11
with y and y. denoting the appropriate functions, and K denoting the ogperator
appropriate to the kernel i

Kr.c') =2 k3G{r,c'ini{p) a2y

The underlying structure of the basic integral equation is now apparent, and it may
clearly be solved by iteration to yield the so-called Born-Heumann expansion for
the fleld:

¥ = vo + Byo + E90 + ... a3

The full series solution far the field y is extremely cumbersome to evaluate in any
realistic case. In practice, therefore, the series is terminated, in order to give
an approximate solution. In particular, the first Born approximation is given by

¥s = yo + Eyo (14}
It may be shown [10] that the Barn-Neumann expansion converges provided that
kafdrfdr' no)L1G @, =R ] < 1 : as

Some manipulation of this 1last expression Jleads to the following sufficient
condition for the convergence of the series solution to ¥

(/Amk=supfdr'in (' - o' < 1 ‘ (16>

where sup- denotes that the least upper bound of the succeeding function be taken,
as the variable r ranges over its entire domain.

Consider now & scperific example, viz. the scattering of an incident plane wave by a
uniform sphere of radius R. Let the acoustic velocity difference between the
sphere and its surrounding medium be such that

Proc...O.A. VoiB Part 2 (1986) ' 27



Proceedings of The Institute of Acoustics

INVERSE 3CATTER IMAGING

lnd{gdl A= for il ¢ R
0

otherwise [§%3)

Computation of the sufficiency conditions derived above, lead to the conclusion
that the convergence of the Barn serles ls assured if

BakR < 1 (18

In other words, i1f this condition is violated, the 1BA is unlikely to be a good
approximation. Under such ¢ircumstances, the utilisation of an inversion algorithm
which assumes the validity of the 1BA might well lead to unacceptable images.

Although we have chosen a simple example only, the treatment presented here ls
perfectly general, three (or even more!) dimensional, readily applicable to quite
complex scattering structures, and even capable of bandling meore sophisticated
physical models - all without the need for recourse to extensive computer
simulations. :

CONCLUSIONS

Ve have indicated that physical modelling underpins much of inverse scatter
imaging, and glves rise to the notion of image fuzziness. MNoreover, physical
models enable data acquisition strategies to be devised, which minimise artefacts
arising from this source.

All inverse scattering techniques consist of three major components: a physical
model, a data model, and & computational model. Avallable methods may be
classified according to their data acquisition configurations.

The Born approximation is an important element in many inversion schemes, and we
have proposed a powerful but simple appraach towards stating its validity
conditions, in very general terms.
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