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ABSTRACT

In this paper, we present a
review of the basic notions of time
series analysis and spatlal series
analysis, as well as the interplay
between them, It is demonstrated
that wavenumber-frequency processing
is a natural generalization of these
two analyses. The relation between
the single-channel and multichannel
cases is briefly discussed.

We astart with the Fouriler
relations for infinite duration,
continuous-time -series and the
corresponding spatial series. In
practical applicatlons, we are
limited in both avallable data and
processing ability; hence, we have
to estimate the desired quantities
from a finite data record. Also,
when using a digital computer for
our caloculations, we are forced to
employ sampled data. A brief
discussion cf time-space series
modelling and analysis is included.

I. INTRODUCTION

The analogy of spatial waves

with temporal signals makes it
possible to treat them both in a
similar manner. A time series i3 a
set of observations generated
sequentially in time. In parti-
cular, a time series may be thought
of a3 one particular realization of
a stochastie process [1]. For a
complex-valued zero-mean, wide-sense
stationary and ergodic process
represented by the time series h(t)},
== £ t < =, the autocorrelation
function is defined by [2]

T
R (1) = lm = / h*(t)h(terddt (1)
h T4em T =T
where the asterisk signifies complex
conjugation.

Suppose that the time series
h{t) is passed through an ideal
narrow=-band filter with bandwidth
Af, centered at f , and with unity
gain. Let h(t,fi.af) dencte the
resulting filter output. The mean
square value of the filter output is
glven by

T

1 2
- vﬁ(fc.ar) = lm s J RO(b.f_.a0)dt

2T

Tem -T

(23

The power spectral density of the
original process is defined by [2]

: v:(f.af)
5 () = lig ———
h ars0  &f
1 1 T 2
= 1im —{lim == J h (t,f,Af)dt]

AP0 Af Tom 2T T

3

The autocorrelation function
R. (1) and the power spectral density
function § (f) form a Fourier
transform pa?r. as shown by the palr
of equations

s ah(f)e'Jz“f‘df )

Sh(f} =

-t sh(r)eja'ﬁdr ' (5)

Rh(r)

-
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Equations (4) and (5) are basie
relations in the theory of spectral
analysis of random processes, and
together they constitute the Wiener-
Khintchine theorem [2],

Let us now consider a travelling
plane wave propagating in space with
speed v in a certain direction. At
some particular instant of time, t_.
the magnitude of the wave 13 a
function of its position in space,
Let @ be a spatial point defermined
by the position veetor, z.» With
respect to some arbitary orlgin, as
shown in Fig. 1. The magnitude of
the wave at point Q is denoted by
E(Z) = B(X' 'YQIZ )l
dependence on all three spatial
coordinates. .

For a spatially stationary
(isotropic) signal field g(z), we
define the space correlation

function at time Fo as

- 1 .
R (F) = ldm gry— ! g¥(2)glz+r)dz
L+ xyzV
X
L™ 4o
L§+c (6)

where the triple integral i3 over
the volume V of a cube with the
edges 2L_, 2L and 2L_, and r 13 the
spatial lag vector. 'The wavenumber
spectrum of the wave g{z) is defined
in a manner similar to the power
spectral density of the temporal
time series.

Suppose that the multitude of
plané waves i3 impinging on a
vertical line array from different
elevation angles 6, where & 1is
measured with respect to the normal
to the array. If the array senscors
are sufficiently closely spaced, . we
can consider the array a3 a narrow-
beam spatial filter in coordinate z,
with beamwidth 48, centered at ac'
and with unity gain, Let g(d,sin® ,
sinae) denote the resulting £i1t8r
output, where d is the distance
along the z-axis from the origin.
The mean square value of the filter

- output

indicating -

?z(sine ,sina8) can be
defined irls the sSame manner ‘as the
mean square value of the temporal
filter output, given by Eq. {2). In
general, the mean square value and
the corresponding wavenumber power
spectral density will depend on all

three spatial c¢oordinates, or,
equivalently, on the wavenumber
vector v. Thus, by analogy with Eq.

(3), we may write

Sg(;) z lim -—l—
A-\.J.-to av

s fum 3 7 g8E35,8008 (D
Voo 'y

where V is a cube in space centered
at the origin. The vector wave=
number v plays a role similar to the
scalar frequency variable, f. Thus,
the Wiener-Khintchine theorem in
spatial domain can be written as

5@ = g ng(?)e'Jz“‘“")dF (8)
Vr

Ry(P) = sg<$)e32"‘“"’d3 (9)
v

v

where the dots Iin the exponents
{ndicate vector dot products, The
ranges of integration 1in Egs, (8)
and (9) are infinite-extent three-
dimensional spaces, spanped by the
spatial 1lag vectgrs r and the
wavenumber vectors v, respectively.
Presenting travelling waves as
being dependent on spatial position
only, and not being dependent on
time, is only of academic interest;
we used it above merely to stress
the direct analogy between spatial
sereis and. time series. In
practice, travelling waves are also
time dependent, and so we wrige the
time-space series as s{t,z) or
equivalently, s(t,x,y.z).

For a time-space series which 1s
wide-sense stationary in both time
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and space (homogeneous), we define
the time-space correlation function
and the frequency-wavenumber
spectrum as follows, respectively,

- 1
Rylt.r) = lin TETL,L L

T
ot f 8%(t,Z)s(teT,Z47)dZ dF
TV

(10}

and
S (F.3) = lim —— [lim o
st Af<0 afay Tew 21V
Av+0 Voo
T 2 - L 3 E
. 'é ; s (t,f,af,2,v,4v)dzZ (11}

where all the quantities have the
same meaning as in Eqs. (1), (3),
(6) and (7). Similarly, the Wiener-
Khintchine relations between the
time-space correlation function
R_(t,r) and the frequency-wavenumber
spectral density §_(f,v) can be
written as a four-dimensional
Fourier tranaform pair [#]

ss(f.G) =

+ -
I Rs(r.:’)e'ﬁ"(f‘*"'”d? a1

e V
r (12).
ns(f.F) =
L L
I sa(f.t)ejz"”"" Db of
= ¥
v (13)
We also ngine- the cross-

spectrum P (f.r)* as the Fourier
transform of R_(1,¥) with respect to
T, that is,

PACLE) = nsct.F)e'Jz“f‘d, (14)

A wave component of frequency f and
vector wavenumber v has a vector
propagation constant k = 21v, wWave-
length A = 1/]v|, and velocity of
propagation v with the direction of
-v and the magnitude |v| = f£/|v]| =
fa.

Finally, we note that the time-
space serles s(t,z) belongs to a
class of so-called "multivariate”
signals, 1.e., signals which depend
on more than one independent
variable. In our case, there are
one temporal and three 3patial
varlables, a total of four
varigbles, On the other hand,
s{t,Zz) is often treated as a set of
K time sgerles at K discrete array
sensors positioned in space, that is
we have sk(t) = s(t.zk). k=1, 2,

eoey K. In this case, we are
dealing with so-called "multi=-
channel™ analysis, l.e., simul-

taneous analysis of K univariate
signals which depend on a temporal

- variable only.

Table 1 Equivalence of Temporal
and Spatial Analysis.
TEMPORAL SPATIAL
time, t spatial gosition
vector, z
temporal spatial lag
lag, © vector, r
frequency, f wavenumbgr
vector, v
autocorrelation cross-spectrym
IR(Y at fO' P(fo.r)
power spectrum wavenumber
3(f) spectrum at f,,
S(vaV)

9.3



Proceedings of the Ipstitute of Acoustics ‘Spectral Analysis and its Use in
Underwater Acoustics’: Underwater Acoustics Group Conference, Imperial
College, London, 29-30 April 1982

Table 1 summarizes an
equivalence between the Dbasic
quanitities In the temporal analysis
and the spatlal analysgis.

II. LINEAR FREQUENCY-WAVENUMBER
S15 OF TIME-SPACE SERIES

We now present the basics of the
linear methods of spectral analysls
of a time-space series that is
limited 1in both time and spatial
coordinates. Our presentation
closely follows the excellent
exposition given by McDonough [4].

Array of sensors used in the
reception of travelling waves
represents the natural spatlal
sampling mechanisam. After the
signals at all sensors  are
frequency-translated into the
desired domain (IF of baseband), a
temporal processing can be performed
in a usual way.

Assume K array sensor arbitra-
rily positioned in space, positions
gf which are determined by vectors
z, k=12, ..., K. We now have K
dgta signals x(t.zk). corresponding
to each sensor, so that we are
dealing with multichannel spectral
analysis. Thus, .for any pair (k,1)
of sensor signals, we can specify
the discrete-time estimate of the
croag-correlation function

~ N-m -
L - 1 -+ e
- - #*
Cx(m,zk,zl} =3 n§1x (n,zk)x(n+m.z1)
(15)

form=0, 1, ..., Mand k,1 =1, 2,
...y K, where N is the total number
of temporal samples used in the
analysis and M 1s the maximum
temporal lag. '

~ The transform of
Cx(m.E .Z,) in_time domain is the
estima%e {r,z .zl) of the ecross-
spectrum, Eq. 3ﬁu). The indirect,
Blanmqp-Tukey estimate (31,
P(f,z,,2,), is obtained by weighting

Fourier

9.4

C(f.Ek.El) of Eq. (15) and taking
the finite Fourler transform,
yielding

~ + o+
Px(f.zk,zl) =

M ~ .

g C.(m,zZ, ,z,)wime
meM X k'™l

-J2sfm (16)

In order to apply the direct or
periodogram method (5,61, we first
compute the row "cross-periodogram®
in frequency-space domain, as shown

] an

and then smooth it ﬁith an_ appro-

- priate window function W(f), as

shown by

) = ..i Jx(e.ik.zl)w(f-e)de

18)

Cross-spectrum estimators of
Eqs. (16) and (18) are identical.
Direct approach 1is more frequently
used sinece it is computationally
more efficient. In this section, we
assume that there 1s sufficient
number of data samples N, so that
segmenting the data and averaging
the periodograms can be performed to
provide varliance reduection.

We now proceed to find an
estimate of the frequency-wavenumber
power spectral density, given by Eq.
(10), for a homogeneous travelling
wWave. We shall make use of the
estimate of Eq. (18) of the
" frequency-space" eross-spectrum,
Only the direct method will be
considered. The procedure involves
the following steps: (1) Compute
the Fourler transform of the signals
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x(n,z,), k = 1, 2, .... K, as
rolloJS:

- 1 ¥ + . —32afn
x(f.zk) = iln:1 x(n.zk)e {(19)

(2) Next, compute the periodogram in
the frequency-wavenumber domain by

=325 vl
V2 e k2
k
{20)

where K i3 the number of array
sensoras,

(3) Smooth the periodogram (20) by a
four-dimensional wigdow in frequency
and wavenumber W(f,v), as shown by

by %

LA,V = i1c'i (£

k=1

~ [} .

I £ W(f=8,%-n)I (s, N)dnde

- ¥
v 21

"where V“ i3 an infinite volume in v-
space.

We can simplify expressions for
I (f,v) end 3 _(f,v) by assuping that
the time-space window w{n,z) can be
factored as

w(n,2) = Hh(h)wr(F) ' . (22)

Then, the four-dimensional Fourier
transform also factors as ‘

Wif,9) = ufcr)uvtt> (23)

The estimate S <r,€) can now ba
x
written as

Sx(f.v) = f Hv(v-n)Qx(f.n)dn (24)
where '
1 K K .
Q(f,8) =z £ & PU(f,Z ,Z,)
x K k=1 1=1 X k'l
-j2eve (2, ~2,)
.e L (25)

and Px(f';k'il) is given by Egq.
{18).

Often, the discrete-gspace
version of the estimator of Eq. (24)
is simply written in the following
form [T]

- . K K
Sx(f.v) = E I
k=1 1=1
~ > - ., -
Px(f.zk.zl)vk(v)yl(v) (26)
where
L
- Jva‘zk
yk(v) = we
k=12, ..., K 27)
with W, being available for ajust-
ment fﬁ scme way to improve for

estimator properties. Often, w, = 1
is used and the estimator oik Eq.
{26} is referred to as delay-and-sum
beamformer [T].

A number of temporal samples are

- usually taken tc be large enough, so

that both good resolutiop agd small .
variance of the P_{(f,z ,z,) are

achieved, To obtain comparable

performance in wavenumber domain,

spatlial extension of apparatus’

dimensions i3 vrequired. The

alternative is to use nonlinear

spectral estimator algorithms which

we discuss next.

III. NONLINEAR FREQUENCY-WAVENUMBER
ANALYSIS AND SIGNAL MODELLING

In this seection, we briefly
mentiocn some new nonlinear methods
of frequency-wavenumber sgpectral
analysis., )

The maximum 1likelihood (ML)
method, introduced-by Capon [81, can
be formulated in the following way.
The ML filter is that filter which
passes signal at frequency component
f undistorted while suppressing all
other components, including noise.
The output power of that filter is
minimized under the constraint that
the signal at frequency fn is passed

9.5
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undistorted. The obtained minimum
power i3 the actual ML estimate of

the freguency-wavenumber. spectrum
and is given by [4,8]
" -1
= P v
(HL)(n v) [e (v) (n)~ e(v)]
(28)

where 5(3)-15 a . "beam-steering”
column matrix at frequency, fn'
given by

-+ + -+
j2nvez jEnU‘ZK
g?(s) = (e 1. ey € 1,
- (29)
and P (n) is' an estimate of the

cross-spectral matrix whose 1,k-th
element is given by Egs. (16) or
(18), and K is the numbér of array
sensors. )

It was demonstrated that the
formulations of the estimator of Eg.
(25) as a maximum likelihood
estimator and as a minimum variance
unbiased estimator, both lead to the
same result [4,8). The resolution
properties surpass those of the
linear estimator of Eq. (26) for
majority of signals in practice.

The maximum entropy (ME)
estimation 13 formulated ‘as a
following variational problem in

time-space domain (rigorous proof
can be found elsewhere [H]1):
maximize the volume intregral

w Ed - V

J log Sx(f.u)dv (30)
o

with respect to the frequency-
wavenumber spectrum 5 (f,v), with
the constraint that . the estimated
cross-power spectra P_(f.Z ,E;) for
each pair of spatial points z,.. -Z,
satisfy the  inverse Fourier
relationships in the wavenumber
domain, that is

~ - - o +
P(f2 2 = 1S
v

v (3 -2)) |

LI

l,k=1, 2, +005 K (31)
In Eqgs. (30) and (31}, W is the
“eutoff® wavenumber in one

dimension, or spatial Nyquist rate,
Vv is the volume encompassing
spatial extent =W, < v, £ Hi' 1= x,
¥, 2, 1n the waveénumber space, and
the frequency f 1s constant. It is
assumed that the cross- spectrum
Px(f zk.z Y has already been
edtimated by some of the methods
discussed earller.

The solution to the variational
problem given by Egs. (30) and 3N
is )

Sy (ME)
5 e ainer”

(£.3) = LM Hanre1”" (32)
Tehre$rad

= B () . . (33)

- where e(3) is given by Eq. (29} and

AMf) 1s the matrix of Lagrangian

multipliers i 1° and P (f) 13 the

estimated crosh-spectral matrix of
the sensor signal. The form of the
ME estimator given by Eq. (32) 1is
aimilar to the ML estimator, Eq.
(28). It was shown that the ME
estimator 1s superior to the ML
estimator in the case of uniformly
spaced line array [9]. We note
that, in the case of the uniformly
spaced line array, the ME estimator
can be derived 1in terms of
prediction-error filtering [10].

A large majority of the time .
series can bé modelled by one of
three linear models: a moving
average (MA), an autoregressive
(AR), and a mixed autoregressive-
moving average (ARMA) [11. It has
been demonstrated that the MEM works
most satisfactorily with signals
whiech can be modelled by an AR
process, while the linear methods
give the best spectral representa-
tion for an MA modelled process.
However, by virtue of Wold's
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decomposition theorem, every process
can be represented by an MA process

of a sufficiently high. order or, .

equivalently, by an AR process of
sufficiently high order, Thus, In
principle, we can apply any of the
above methods to any time series,
providing we usze a sufficiently long
data record. For practical reasons,
we use the method that corresponds
to a model with the lower order.

We use the same reasoning in the
analysis of time-space series, If
the series can be represented by an
MA model in both time and space, we
apply the linear methods,
Similarly, for an AR modelled time~-
space series, the MEM is a better
choice. If the fitting models in
time and space are different, it is
the spatial model which determines
the cholce of the method, because of
the more severe practical
limitations in the number of spatlal
data samples.

If the time-space series 1s
modelled by an ARMA process, then
some ARMA spectral estimation method
is used., For example, the response
of the uniformly spaced line array
to a multitude of plane waves
impinging at different angles may be
modelled as an ARMA proceas [11].
Development of ARMA spectral
estimation methods for temporal and
time-space series is currently an
active research field.

Finally, we note that in the
cases where the plane wave signals
cannot be considered as time and/or
space statlonary, adaptive methods
of signal processing should be used
(121.
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Fig. 1

Three-dimensional repre-
sentation of+the travel-
ling wave g(z)
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