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1. Immros

lany situations arise in valid: the control of Vibration is necessary; for

example. reciprocating machinery may tranmit large periodic forces Which

result in excessive vibration levels at another point. in space structures,
vibration may cause problem; where high accuracy is required in devices such
as space telescopes or satellite transmission systems. 'No broad categories
of vibration control system: exist: passive systems which contain energy
storing and dissipative commute. and active systems which use secondary
sources of energy to attain”: to reduce the overall system energy in some
Eyre-determined way. Inmy situations,_ use pf passive mthods of isolation

will give adequateresults. active control, Muevar. may be used togood
effect in situations more passive systems are less efficient. such as at low
frequencies. or where use of passive methods would lead to the addition of too
much maseto a. system. in addition. an active systemcan be made “adaptive”

so that parameter" variations may be tracked, and for deterministic inputs in
particular, the system may actually “preview” the disturbance and then attempt
to control it in son way,

The active control of vibration has been considered in many areas. These
have ranged from its use to control transverse viprations of circular saw
blades [1] to active vibration isolation of parts ot‘ a helicopter mselage
[2]. its use hasalso been considered in the control of tall buildings [3)
and has been proposed for the control of lightly-damped space structures
[0.5]. In most cases. the overall control strategy is similar, consiting of
the feedback of some measured variables in such a way as to either alter the
modal characteristics of the structure [6] or to synthesise an opposing force
in an attempt to cancel out the vibration oulpietely.

me work presented in this paper shove the alteration of the mdal
parameters'mamping ratio and natural frequency) of the fundamental mode of
transverse vibration of a cantilever beam, using feedback control
techniques. The equation of mtion is solved Eor the beam. yielding the
_usual series of natural frequencies and nude shapes. In order to use
feedback control on a simlified mdei. this multi-nndal system is then
considered as a single fill-damntal Me plus a residual contribution from the
higher order nodes. use of series expansions allows an evaluation of the
residual term, Ivlhich is than to be small by comparison with the response of
the beam at its fundamntal frequency. By making this assumption. and also
by caremi design of the experian apparatus. the Inodelling of a cantilever
Mam as a single degree ofm mt“ is justified. using Chi! “7681. the
theoretical alteration of natural frequency and amine ratio may be simiy
illustrated. from which the design of a pmportional-plus—integrai—plus-
derivative (no) controller to perform this task is proposed. It is shown

Protl.0.A. Vol 9 ""3 "58'"
247   



 

Prbceedings of The Institute of Acousxics

m MIG! m WNW OF A DIGIm mamas FOR USE IN MI mm

VIBRATION m1. 8Y5!“

that in order to perform this marinentally using a digital control system.

accurate integration must he performs digitally.

The design of such integrators is shown to be Dre couple): than is
suggested by previnus theoretical work, and the final Version is designed in

.oruer toaccount for tin delays within the digital systas due to samlrholfl

devices on the output stages of the system._ other design approaches are

described am file results obtained (in terns of mm response Whitma.

phase and stability) are given. 'me Pm controller is used to alter the

-natur-a.l frequency and damping of the Eundsmntal node of vibration el‘ the

cantilever beam 'systaa described earlier. ’ .

2.. mm

2.]. Ethan of nation

The equation of mtipn of a uniform beam in transverse nation [7], subject

to an applied farce E(l.t) is:

a‘! 2i! _2x a. 4- n “I _ E(x.t) (n

were y represents the transverse displacement (in). _K represents the

distance along the beam (ni). E is the Young's manlus of the beam (N/m'),

I is the second mount of area at the beam (n‘) and in is the mass per unit

length of the beam (kg/in).

'mis equation may beshown to have a solution 62‘ the form

. , '

1K2.” = E ,‘ln(t)0n(x) (2)
n=1

where gnu) represents a generalised moreinats‘, and on“) the nude shape

function. it is seen that the discretin soiutinn considers m been

response to consist a: an infinite number of mass of Vibration. obviously.

for the purposes of any practical system nodal, the number of nudes considered

must be reduced. The nodal series elpansioh or equation (2) may be written

in the form

N x. , = _i_(2n§_lm+219__ 3van x; a) ":1 “n n _ MM“) + m“, ( )

imam on(x1) is the pass-normalised was shape function for the n'th nude

at point i, on and tn are the natural frequency and damping ratio of the

n'th undo respectively. and the 33"“ time «penance or the forcing term 9

has been suppressed, a viscous flaming mdel has been used in preference to

the hysteretic damping mdel because, although use of hysterstic Gaming may

allow for more accurate representation at physical materialproperties, its

use intrndutes a non-causal imaleqresponee and seem- that a sinusoidal
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dutur‘blng Eoroe 1s used [7).

2.: Sign arse of Freedom mt“: Intel

The transfer mblllty function between points 1 and 2 Hu( 3:») my be

written

"11(10) = immmmm

H (II)_ 2M1:

' "21 9n I1 - (wt-m” +12¢nl H”

mm REL" = °n(xx.)°n(xz)-
For a contlnuous structure. N - a and lo tnvprsctlce the function

nun...) must' be approximated by

It;th = lutnt) * R (s)

1.e.. the contributlon of n,’ nudes plus sn error. or "residual", term. In
order to was]. the structure simply. the magnitude of the residual term

relative to that due to the modelled mass must be assessed. As stated

earner, Ideally one would lune to only require a Me]. which has one mas.

The residual term 11 my be written

a mm
It -- E %——LuT—;n+ hymn) +12“! (6) I

mulbl

Assuming that the eucltstlon frequency is wen below theresonant

frequent: of the higher nudes (1.9.. [u/unl' u l) and that zcn u 1 than

u A(fl)
R =' 1’4 E 4f (7)

nsnla "“

Pbr s centllever been [7] one my name the Ippmlnstlon

“n = not!!! - 11'

mm leads to the sun-assign

=1! '
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Then. takinguavarstcase, 1(3):” n=nL,.....m this yields

I
u l.

R a in? E (2n — 1)‘
° n=n‘u

 

I n '

1 1 1E ___._- - E __
[_1(2n-1)‘ _l (Zn—1r}

 

mentors may bewritten as

n

.1! "‘ l";
u.‘ as [Hun-1r] (9)

Hate that this may be easily evaluated. since n1 is man.

In order to accurately m1 a cantilevsx beam as a singie mods system.

than a high value of no. should be used so that the Mal. separation is high

um llama the mutual ten at the mutants}. frequency 1s low.

If this is trus. than the beam may be uncalled as a standard seam-older

system with mas- In. flaming c and spring stiffness It. “Is equation 0!

mtinn a! the beam in mponsa to I force £(t) then beauties

mitt) + dun) 4» mt) ll fit) (10)

when In. c and k represent man) masses. damping am stiffness tam

respectively.

In blue: to apply acth control to ma systam. assume that signals
corresponding 1:: an acceleration. velocity and aisant of the beam may be

nbtsulsd. and team, scaledbyguns Ice. Ccandlcnspectivsly. mm

in Figure 1. m equation 9! nation must be mdified in order to account to!

tha Ismael: term andm _
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mi+cix+xx= E+u

meme u = «He; + cck + xcx) 13 the force ugmu fed back into the structure,
1.9..

(nulggio(cocc)i+(x+x¢)x=£(t) (11)

Thus, modification of the natural frequency end/oz damping tetln of the beam
is not! possible by appmpxiete choloe of guns Ha. Cc and R¢. This will
result in a mdlfled Sumntal frequency «‘0' and damping ratio (9'
given by:

, a it _ 'l
0" mi‘i _

C+&)

‘5" = 2m: + xcxm + "C?

By Alteration of the gains lfi: or RC than the fundamntal frequency of the
structure'may be eithei‘ increased (NC > 0 or Inc < 0) or decreased
("c > a or K: y a). 'mese changes correspond t9 changes 1n the apparent
mas: and apparent sewn-less respectively of the been. It is lmpoz'tant to note
that no Mustcat addition of etlEEnees or me has taken place. In a emler
way. use of velocity feedback (Cc t 0) allows alteration of the m1
damping ol't’ne structure.

By inspectlon a! the note of equation (ll) for all values 0E the
coefficients. it in seen that euhlllty of the ayatem Ls in principle easured'
pmidedthet (n+5).(c+cc)ana(u+xc)»o. -

2.3 D8912 of I DID controller

In elder to feed 519nm cox-responding to acceleration, velocity and
displacement hack into A stiuctuxe, the cluelcel Pm controller (9] is
of the fan shown ln Figure 1. In this due the output wt) 18 related to
the input utt) by

vm= I» utt)+xx[u<tm.+xo”—:{3 (12)
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In mst practical cases. the surface acceleration of a structure is the

input signal u(t). The controller must therefore be reformulated as in

Figure 3. It is nor-I seen that acmrats digital integration is required in

order to achieve the objective of obtaining and feeding back acceleration.

velocity and displacmnt signals. ll‘he following section describes the design

and implementation of the integrators required for such a test.

2.4 Desifl of a Precision Digital. “Erato:

M approaches to the design of a digital integrator are possible: either

design the device directly in the digital domain. or map (using sou: specified

transformation) on analogue design into the digital domain [10].

a problem unique to digital systems is immediately encountered when

designing such a device. M features inherent to the system cause delays.

and hence inaccuracies in the phase response (which. for perfect integration.

should have a value of —Ir/2 for all values of Ur in the range

a e 41' ‘ Z/‘i', where '1‘ is the sample period). These are:

(i) the sample—hold devices on the output of the digital system.

mum have a (sin tar/arr) type transfer function and hence give

rise to a ‘rsample delay [10]. and

(ii) the Einite processing time of the processor used to implement

the algorithm. vnicn vill add a further delay. This may be

reduced (for a given processor) by reducing the code implemented

per sanple to a minimm. ‘

M design approaches will be shown here. both involving transformation of an

analogue design into the digital r-plane.

2.4.1 Bilinear transform desigg [101

m analogue nodal used has atransfer function of the form

me) = a/(s I- a) were a is a constant. Making the substitution

 

z-l
2+1

where ‘l‘ is the sample period, which comspoMs to the bilinear transform.

then

 

a = (5.x )

_ a l 4» a")

E“) ' (a 4- 2n) + (a'— arm“ (’3’

evaluation of the lieguency response of this design by setting a. = e1“

with I“ I: 0.001 (i.a., a sampling frequenq of l lax) and a = 1 yields the

response o: Figure 4. M features are apparent:
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(1) the design gives a unit gain at a.c.. and

(ii) although no account has been taken of any phase terns intrmuned
by the features described earlier in section 1.4. the response tends
towards a value of ~1r/z. Ilhen these terms are added to the moss
response. it: will. not be a good approximation to an integrator.

2...: 1mm invariant transform Casi-n [10]

m analogue integrator transfer Eviction used is again

its) = 3/5 4- a

inverse Laplace transforming this gives

nu) = er“

so that an impulse invarianttrmzom'atxon yieuu

hum = as“

were '1' is the semis >perioa.

This response anyhow be transformed into the z—plahe. airing

3‘“ = fiat—1 - “"

Setting 2 = s3” and evaluating mail-71') : for o r m < «,2 yields the
frequency response a! Figure 5 (again' a :1. and '1' = 0.001). Examination
of Figure 5 shows that:

(i) theuqnituoezesponsshssahxgevuue at d.c.. and

(ii) the phase response reaches a nine of -1r/z very quickly
butthen slopes uniformly uptooat m'=vr (i.e.. ate
frequency of halfthesemis rate; 500E: inthisexample).

'l'hepheseresponseisotthefom

"9"“an F tar; [ -e-'a'l'ain W
i —eaas M (15)

an- a“! a 1, 1.9.. (arr - a), man equation (is) new

,1. i _ 41mmAmmo) n unll_-_a.“ ]

Proc.l.0.A. Vol 9 Perl 3 (1937) 253

 



  

Proceedings of The Institute of Acoustics

THE Ia! AND W110! O? A BIG!” 1mm}: FOR U I" All mm

VIBRATION WL 5151114

'ms use of the approximation (a'l' - a) may be justified since for most

practical system. 'I' is as small as possible. and. since Integration is

required from low frequencies. a is also set to a small value. For the

example here. a'i' = 0.001 and therefore the error in assuming that 9"“ = 1

is o! theorder at 0.1..

nation (15) may he further rewritten 'as

m. _ z sanwr/zlea-(M/zi
"guild )1 = tan 1 2 mafia/2)

:1 tnn"( cot «fr/1)

By useof addition formlae. this may be expressed as

mmeM‘n = (tn/2) — («(2) (15)

1.9., Vhen the half—sample delay due to the sample-hold circuits is included,

the phase response will be aims: exactly err/2 for o s m- ‘ 1r. as required.

The extra delay due to the finite speed of the processor will still be

incurred, but in general this may be made of much smaller magnitude. Hence

the implementation of equation (14) in difference equation form will give

accurate digital integration with the saIlee-hold delays already accounted

for. This form of integrator was used'to perform the experimental work

described in section 3 0E this piper.

3. mm

The apparatus used to perform the work is shown in Figure 6. 'me

cantilever been used has a mndamntsl frequency of approximately so In. .this

ensures that the nodal separation is high. and thus in equation (5) the

residual term is appromtely 349.5 x m" which is or much lower nagnitude

than the response of the ~Zululannh'tal was at resonance mum is of the order

at 0.2. In addition;_ the excitation force was abandlinited random signal

with an upper lreginncy limit or 250 Hz, in order to excite only the

rundanental mode. The head as munted at a position corresponding

to a node of the cantilever resonanse. In this way the approximation

of the beam to a second order systenwas achieved.

In all the emrun‘ntsl work, a mass Instrulnnts us 32020 Digital signal

Processor operating at a M11313 rate or H m was used to provide digital

integration. The processor operates at 5 m. giving an instruction cycle

time of zoo nsec. ' " -

4. m MUD PIWION

Figure 7 shows the modulus of inertance of the been up to 1.6 m with no

active control applied. Figure 8 shawl the Indulua of inertanoo with active

254 Proc.l.0.A. Vois Fans (1931)  
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mntrol applied in the form of velocity feedback (i.e.. Cc t 0,
"c = xc = a). Attenuation of 15.5 dB is achieved at the Eumannntal
frequency, with attenuation OE z 6 d! at the second mode. The reduced
attenuation is due to the decmse of damping ratio with frequency. which
requires that higher gains be used at higher frequencies. By contrast. the
gain in the feedback path decreases mnotohically with frequency due tothe
contribution or the integrator. .

Figure Banana the result of performing displacement and velocity feedback
(i.e., in this case integral and double—integral control. so that 10.; = 0. cc
and re t a). The resoth {requenq has been mined from so a: to 137 Hz.
and the added damping has reduced the amplitude o£_the man by some 5 dB.
This shift in natural Whey mrresponde to an increase in stiffness by a
factor 2.}. Figure 10 shove an sample of proportional and integral control.
corresponding to acceleration-plue-velocity feedback. The fundamental has
been shifted in frequency from 90 Hz to 31.5 Hz and its amlitude increased
'(lmich corresponds to Cc ( 0) by almet S‘dffl.

The results show clearly that by selection of the correct combinations of
gains. the FIB—type controller may be used to adjust the mdal paramters ot‘
the simple system used. ll‘he primary advantage of the digital controller over
its analogue counterpart is the ease with which the control parameters may be
altered, and the precision with which they may be selected.

The integrator performs well. with a phese response which is accurate to
within less than 1° above about 3 83. m delays'due to the finite processor
time are email; each instruction cycle takes 200 nsec to perform. so that the
entire algorithm is executed within a usec. The processor. even while
operating at a sample rate of 44 la: (cycle tin of 14 usec) is idle for 3 70‘
of the time. The actual delay that this represents Hhen operatihg_at such low
frequencies (relative to the ample rate) is therefore low. This feature is
still or importance, however. in two cassai

(i) when the frequency range of interest“ higher. and the code to he
implnted is more couples, and

(ii) when the ands is at variable length (mm to branches/1m in
execution). his will cause 'jitter" on the outplt unless
precautions are taken to latch the output in m way.

. 5. Wigs

'l‘he alteration of modal par-enters using adigital controller is
illustrated. Th3 design of the controller 15 DEM around the design of I
very accurate digital integrator. nu design isW in deml,
together with a discussion 0! features such asinternal delays which pose many
of the problems involved vith the practical “plantation of such control
algorithm.

Pm.I.O.A. Vols Pan3 (1987)
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Figure l : Representation of system with feedback terms
included.

INPUT 1 . Kp

  

  

OUTPUT
y ( t)

  

  
    

3? -
Figure 2 : PID Controller-imiséical Design.

INPUT '
x(l)

x ( t)
Figure” 3 : Practical Implementation of a PD Controller.
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Figure 4 : Integrator frequency response - bilinear transform method
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design
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' Figure 6 : Experimental apparatus

10

Ma
gn

it
ud

e
( k

g"
)

0.01

Frequency ( Hz )

Figure 7 : Cantilever Beam Inenance - No Active Control.
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Figure 8 : Cantilever Beam Instance—Active Control Applied.
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Figure 9 : Inteng plus Double Integral Control
(i.e. velocity plus displacement feedback). .,
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Figure 10 : ll’roponionalplus Integral Control

(l.e.acceleranon plus velocity feedback).
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