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In high-speed areas of highways and roads with steep descents, the heat in car disc brakes sometimes causes
a vibration problem. This phenomenon, called hot judder, is generated by hot spots on the surface of the disc.
The generation mechanism of hot judder has not yet been clarified. In this study, hot judder is modeled as self-
excited vibration due to the time delay caused by heat deformation of the disc, and the fundamental generation
mechanism of hot judder is analyzed by a simple three-degree-of-freedom system.

In the analysis, the temperature of the disc is calculated by the difference method. Then, the relations be-
tween disc temperature and the expansion due to heat and the shrinkage due to cooling is examined.

It was found that (1) hot judder is an unstable vibration due to the time delay of the fluctuation of brake disc
thickness caused by thermal deformation, and (2) the number of hot spots is related to the natural frequency of
the system and the rotation speed of the disc.
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1. Introduction

In recent years, the competitiveness among automobile manufacturers has prompted the develop-
ment of quiet and comfortable cars. In particular, vibration, called hot judder, occurs frequently in
car disc brakes when braking in high-speed areas of highways and roads with steep descents. Alt-
hough investigations to reduce squeal and hot judder of car disc brakes have been carried out, these
problems still need to be solved. When hot judder occurs, multiple hot spots are generated on the
surface of the disc brake. However, the generation mechanism and the countermeasure of hot judder
have not yet been found. A previous study [1] reported that the hot spots on the surface of disc brakes
are caused by frictional heat with repeated braking. Another study [2] also reported that hot judder is
generated by buckling of the disc due to thermoelastic instabilities (TEI). However, these studies did
not discuss the vibration mechanism and methods to quantify the number of hot spots. In the present
study, the disc brake system is modeled by a simple three-degree-of-freedom system, and the gener-
ation mechanism of hot judder is analyzed as self-excited vibration due to the time delay caused by
heat deformation of the disc. And calculations of the temperature of the disc by the difference method
are described. Then, the relations between disc temperature and the expansion due to heat and the
shrinkage due to cooling is examined.

2. Temperature calculation model of the disc

The temperature calculation model is shown in Fig. 1(a). The contact width of the brake pad in the
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circumferential direction is assumed to be a point on the disc. To consider the distribution of the disc
temperature, the disc is modeled by n discrete elements in thickness direction z of the disc, as shown
Fig. 1(b). The temperature 7/ of the i element at time ¢ for each element is calculated. In Fig. 1(b),
dummy points, which are the 0™ to n™ elements at both outside disc surfaces, are assumed in order to
calculate the temperature by using the heat flux quantity.
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(a) Disc model for thickness direction (b) Discrete points of the thickness
Fig. 1 Temperature calculation model

The assumptions for calculating the temperature of the disc are as follows:

(1) The heat transfer to a pad is omitted.

(2) The ventilated disc rotor is assumed as a solid disc.

(3) The heat transfer is only in the thickness direction, and the heat transfer in the radial and the
circumferential directions is neglected.

(4) The circumferential length of the pad contact part for heating is 1/6 of the length of the disc
circumference.

(5) The temperature of the i element at time ¢ is 77.

(6) As an initial condition, the temperature of the disc is set at 7;” = 293 K (=0-n) in time =0 s.

2.1 Surface temperature calculation of the disc

The heating part of the disc brake is the contact part between the disc and the pad, and the part
without any contact is the cooling part. The heat flux quantity per unit area at heating part G;, and the
loss heat flux quantity in cooling part g, are given by the Fourier law of heat transfer shown in Eq.
(1) [3]. In this study, 4 is the thermal conductivity of cast iron. dT/dz is negative value at heating
part and is positive value at cooling part. The power which is obtained by the frictional force .F
acting on the rotating disc surface at slipping velocity r. in pad contact area is described as xFro.
The heat flux quantity per unit area at heating part 0;, is shown in Eq. (2). In Eq. (2), the coefficient
of friction x, pad contact pressure F, disc radius r, disc angular velocity w, and pad area A. For the
cooling of the disc, the loss of the quantity of heat flux {,,; in Eg. (1) can be calculated by summation
of the quantity of heat flux of the disc and the quantity of heat flux by radiation.

. . dT
C|in - qout =-1 dZ ' (1)
UFro
qin - A '

Then, the temperature of the disc in the thickness direction is calculated by the one-dimensional
unsteady heat equation shown in Eq. (3), where « is the thermal diffusion rate, which is a function of
thermal conductivity 4 of cast iron, specific heat c, and density p, as shown in Eq. (4) [4]. Although
the values of 1 and ¢ vary according to the temperature, the values at 800 K are used as constants in
this calculation.

(2)

or 07T
a a ©
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Equation (5) is the discretized equation of Eq. (3). The temperature of the i element Tit in the
disc is calculated by Egs. (5) and (6).

-I—it+1 =-|—it + AK?: (Tiil _2'|'it +Ti£1) (IZONn) (5)
Az?

A< (6)
K

In Eq. (5), At is an interval of time and is needed to satisfy Eq. (6) because the time variation of
the temperature cannot be calculated precisely when the interval of time At is greater than the time of
the diffusion of heat for each element.

2.2 Numerical computation result
The parameters for the calculations are shown in Table 1 [5]. Figure 2 shows the result of the disc

temperature calculation of inner side surface Tlt . The abscissa shows time t and the ordinate shows

temperature Tlt. In Fig. 2, two processes, one for the temperature increase and the other for the de-

crease, are shown. In addition, the disc thickness with the temperature increase is calculated from Egs.
(7) and (8). The material is assumed to be cast iron.

Table 1 Values of parameters for calculation of the temperature model

U 0.3 Vo 65.09%x10° m?/s w 251 rad/s

F 2.83x10°N f(Pr,n) 0.330 Tw 1073 K

r 0.2m € 0.2 a 11x10% 1/°C

p 31.4 W/(m- K) H 0.028m Jo | 50.33x10° W/(m- K)
P 7180 kg/ m® n 221 o | 5.67x10°W/(m?- K)
Tw 293 K K 6.30x10 m?/s

A 41.73x10% m? c 0.695 kJ/(kg - K)
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Fig. 2 Temperature of disc surface over time
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H'=(T,.—293)xHxa+H. (8)

ave

Figure 3 shows the average values of the disc temperature. Figure 4 shows the variation of the disc
thickness. As a result of Figs. 2 to 4, it is confirmed that the effect of air-cooling of the disc is small

because the loss of heat flux quantity G, in the cooling part is small. Specifically, the loss is 0.397%

of heat flux quantity G, in the heating part when the angular velocity w is 251 rad/s. Therefore, it is
supposed that the effect of cooling is small.
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2.3 Coefficient of expansion and shrinkage rate of the disc

The expansion rate by the frictional heat of pad « and the shrinkage rate by air-cooling S are ex-
pressed as Eq. (9).

L p= ©

Here, U, and U, are the disc thicknesses just before the disc enters the contact area with the pad
at the leading edge, and just after the disc passes through the contact area with the pad at the trailing

edge, respectively. In addition, U{n is the disc thickness of U, after one disc rotation period T. The

expansion rate « and the shrinkage rate £ are approximately 1 for all rotation speeds of the disc. At
all rotation speeds of the disc, « and # must always satisfy the conditions of o> 1 and <1, respectively.

3. Analysis model

In this section, the disc brake of automobiles is modeled to analyze the fundamental mechanism of
hot judder. Hot judder is treated as a self-excited vibration system with a time delay caused by heat.
The relations between the number of disc revolutions and the expansion rate by the frictional heat of
pad « and the shrinkage rate by air-cooling f, which were obtained in Section 2.3, are used. In the
analysis, the feedback effect of the quantity of thermal expansion is considered.

3.1 Analysis model and equation of motion

An analysis model of a three-degree-of-freedom system is shown in Fig. 5. The analysis model
consists of a disc, pad, and caliper. The caliper is modeled by inner and outer rigid body blocks, which
can vibrate in the bouncing mode in the out-of-plane directions x1 and x2. The out-of-plane displace-
ment of the disc is x3. Pads on the inner and the outer sides are modeled by contact points that have
stiffness and damping. The quantities of disc expansion on the inner side and the outer side immedi-
ately after the pad exits are defined as ui(t) and uo(t), respectively. These quantities of expansion are
fed back as forced displacement Aui(t-T) and Suo(t-T) on the contact surface after one rotation of the
disc (after rotation period T seconds). In other words, this analysis model with the expansion is treated
as a time delay system. In addition, the mass of the caliper on the inner side, the mass on the outer
side, and the mass of the disc are represented by my, mz, and mgs, respectively. The spring constants
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and the damping coefficients are represented by ki, kz, ks, ki, ko, and ¢z, ¢z, Cs, Ci, Co, respectively. Also,
v is the thermal expansion displacement per unit frictional force in one rotation of the disc and is
assumed to be constant. The equations of motion and thermal expansion immediately after the pad
exits can be expressed as follows.

my X, +C % + KX +C; {Xl — X3 — A, (t_T)}+ki {Xl — X3 — A, (t _T)}+C2 (Xl _X2)+k2 (Xl _X2)= 0.(10)
M, Xy +Co (X, — X5 + Ay (t=T )+ Ky {X, —Xg + AUy (t=T)p+c, (%, =% )+ky(x, —%,)=0. (11)

MyX3 +C3%g +K3Xg +C; {Xs =X +[’Ui(t _T)}"‘ i {Xa —X +ﬂ“i(t _T)}

+CO{XS_X2_ﬁl]o(t_T)}+ko{x3_X2_ﬁuo(t_T)}:O 12
u; (t)=Au; (t _T)_a"[ci {Xl — X5 — BU; (t=T)}+k; {Xl —Xg — A (t _T)}]' (13)
Uy ()= pu, (t—T)+av[c, {X, —%g + A, (t=T )} +k, {x, —x5 + pu, E-T)}] (14)

Variable transformation 7 = wt, @ = 2n/T, and the Laplace transform are applied to these equations.
Then, by assuming the coefficient matrix of obtained equation A, the characteristic equation can be
expressed as follows.

det A=0. (15)

The characteristic value satisfying characteristic Eq. (15) can be expressed s=o+iN. The solution is
positive infinity. If a root has a positive real part, then hot judder occurs. The imaginary part N of the
root corresponds to the number of hot spots.

Table 2 Values of parameters of the analysis model

m; 2.2 kg Ci 53.9 Ns/m
my 0.22 kg Co 53.9 Ns/m
M3 58.4 kg a 0.06369
k1 1.9x108 N/m & 0.01
ko 3.6%107N/m G 0.039
. ks 1.81x108 N/m v | 9.34x10° m/Nrev
’ IT i 6.62x105N/m fa 400 Hz
’ ke | 6.62x10°N/m fi 140 Hz
Cs ks o 273.8 Ns/m f, 2135 Hz
C2 114.8 Ns/m fs 280 Hz
: m
Fig. 5 Analysis model of the disc and calizper G 8019 Ns/m

3.2 Calculation parameter

The parameters for calculation of the analysis model are shown in Table 2. Spring constant kg
represents the stiffness of the support of the caliper and spring constant ko represents the stiffness of
the connection part between the inner and outer sides of the caliper. To determine spring constants ky
and k2, a hammering test on an actual caliper was conducted to measure the first and second natural
frequencies f1 and f2, respectively. In addition, the damping ratios of the first and second modes of
the caliper were calculated to determine the damping coefficients ¢ and c2. Spring constant ks and
damping coefficient c3 represent the stiffness and damping of the disc, respectively. The values of ks
and cz are determined by measuring the natural frequency fz and the damping ratio of the (1,0) mode
of the disc by the hammering test. Table 3 shows the natural frequencies and natural modes of the
system. In the first mode, the caliper and the disc are in phase. In the second mode, the caliper and
the disc are out of phase. The contact spring constants ki, ko between the caliper and the disc are set
so that the second frequency of system f, becomes 400 Hz. The damping coefficients ci, ¢, are 0.01,

as determined by setting the damping ratio ¢, =c¢, /2, /(m1 +mk, .
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Table 3 Natural frequencies and natural modes

Mode 1st mode 2nd mode
Natural frequency 273 Hz 400 Hz
X1 1.0 1.0
Natural mode | x» 0.9495 0.8620
X3 0.5822 -0.07

3.3 Numerical calculation result

Figure 6 shows the relation between ow and the rotation speed of the disc. In this figure, ow repre-
sents the growth speed of the disc thermal deformation, and n represents the nearest integer of the
imaginary part of the characteristic root and is equal to the number of hot spots. If the real part of the
characteristic value is positive, then the system is unstable and hot judder occurs; if all the real parts
of the characteristic roots are negative, then the system is stable.

In addition, from Fig. 6, the range of rotation speed is confirmed to become unstable for different
numbers of hot spots. The peak of ow is located at a different rotation speed for each number of hot
spots. The relation between the generation frequency of hot judder, the rotation speed of the disc, and
the number of hot spots satisfies the equation of (generation frequency of hot judder) = (rotation speed
of disc) x (number of hot spots) = (natural frequency of brake system) [6] [7]. This is characteristic
of the pattern formation phenomenon. It has been reported that hot judder occurs in the rotation fre-
quency around 40 Hz. In Fig. 6, when the rotation speed is 41.39 Hz, the real part of the characteristic
root of 10 hot spots is the maximum. In this case, hot judder occurs at 413.9 Hz. The unstable vibration
frequency is almost identical to the second natural frequency 400 Hz in Table 3. Then, the complex
mode for the unstable vibration obtained at rotation speed 41.39 Hz for 10 hot spots is shown in Table
4. The caliper of the inner side and the outer side vibrate approximately at the same amplitude and
phase, and the disc vibrates with small amplitude and out-of-phase to the caliper, as shown in Table
4. In addition, the complex mode of the unstable vibration is the same as the second natural mode,
and the quantity of the expansion of the inner side ui(t) and the quantity of the expansion of the outer
side uo(t) have the same amplitude and are out of phase with each other. The difference of the ampli-
tude ratios of ui(t) and uo(t) is related to the relative amplitude ratios xi-x3 and x2-x3. These complex
modes of unstable vibration for the other numbers of hot spots located at different rotation speeds
have the same vibration modes as that for 10 hot spots. In this calculation, unstable vibration of the
first mode does not occur. The variation of the contact force in the first mode is smaller than that of
the second mode. This is the reason why only the second mode becomes unstable.

Furthermore, the parameters of the coefficient of friction x, pad contact pressure F, disc angular
velocity w are very effective to the real parts of the characteristic roots in Fig. 6 because the heat flux
quantity 0, in Eq. (2) is increased by these parameters and the disc temperature, and the quantity of
disc expansions are increased.

E 25

5 ig Table 4 Complex mode

:é 1:0 L Amplitude ratio | Phase (degree)
2 o05f X1 1.0 0

g 00 X2 0.8520 0.65

o 05f X3 0.06629 -177

g 1Or Ui 0.1336 -223.8

= ;2 Uo 0.1151 -43.1

g 20f

0 20 40 60 80 100
Rotation speed (Hz)

Fig. 6 Relation between real part ow
and rotation speed

6 ICSV24, London, 23-27 July 2017



ICSV24, London, 23-27 July 2017

3.4 Simulation analysis result

The numerical integral calculation using the Runge-Kutta-Gill (RKG) method was performed on
Eq. (10) through Eqg. (14). A simulation is conducted under the condition of 41.39 Hz rotation speed
and 10 hot spots, as shown by the vertical dotted line in Fig. 6. Figure 7 shows the vibration waveform
of x1. Figure 8 shows the frequency analysis for the waveform between 9 s and 10 s in Fig. 7.

0.0004 -70
E ooo03| o
= g ol 413.9Hz
= 00002} <
% 0.0001 - % S0l
'3 0.0000 &
S -0.0001 g -100F
K G
S -0.0002} s
=4 S -0}
£ -0.0003 | =
: : Il
-0.0004 L L L L < 120 L [ l L L
0 2 4 6 8 10 0 200 400 600 800 1000
Time (s) Frequency (Hz)
Fig. 7 Time-axis waveform of the Fig. 8 Frequency analysis of the waveform
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From the calculation results, the frequency component of the generation frequency of hot judder is
confirmed to be 413.9 Hz, which is close to the second natural frequency of the system.

Figure 9 shows the quantity of expansions of inner side u; and outer side u, for one revolution
period. In Fig. 9, it is confirmed that the quantity of expansion fluctuates out of phase with the inner
and outer sides.

Figure 10 shows the temperature distributions on the inner and outer sides of the disc when the
operation time is in the same range shown in Fig. 9. In Fig. 10, 10 hot spots on the disc surface are
confirmed. In addition, the large quantity of expansion increases temperature, and the maximum tem-
perature reaches more than 600 K for ten seconds. The hot spots occur where the disc expansion is
the largest, and these hot spots cause the hot judder of the caliper.

4. Conclusions

In this study, the generation mechanism of hot judder caused by thermal deformation in disc brakes
was clarified. This paper concludes the following:

(1) The fluctuation of the contact force between the disc and pad due to vibration of the brake system
causes fluctuation of the disc surface temperature, and fluctuation of the temperature causes larger
fluctuation of the contact force in one rotation of the disc with time delay. It is concluded that hot
spots and hot judder are excited by self-excited vibration with time delay.

ICSV24, London, 23-27 July 2017 7
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(2) Only the second mode of the system becomes unstable. The generation frequency of hot judder is

close to the second natural frequency of the brake system.

(3) The range of rotation speeds that cause the instability is large for each number of hot spots.
(4) Hot judder with 10 hot spots was reproduced as the simulation result.
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