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The purpose of this research is to analyze the characteristics frequencies of angular- 
contact ball-bearing used in high-speed spindle system under the running conditions of 
different preloads and rotating speeds.  A number of dynamic states are investigated, 
consisting of the equilibrium among the centrifugal force, gyroscopic moment and ball-
race contact forces, and the geometric relationship of contact deformation.  By solving 
the equations of the dynamic states, the contact angles between the rolling ball and the 
inner/outer race are estimated under the running conditions of different preloads and 
rotating speeds.  Using the estimated contact angles, the characteristic frequencies of 
bearing can be determined.  The numerical results of the characteristic frequencies are 
compared with the analysis results of vibration measurements in the experiment.  The 
spectral features of different bearing defects are extracted by means of the empirical 
mode decomposition method as well as the fast-Fourier transform (FFT) algorithm. 
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1. Introduction 
Bearing is one of the important components in the rotating machinery for its capability of sus-

tainment as well as transmission.  The running conditions of bearings are crucial to the performance 
of the spindle systems and thus the researchers and engineers have dedicated more and more re-
search energy to the technology development of the bearing diagnosis and prognosis.  Among the 
several techniques, the analysis of vibration signal is the major means for the machine fault diag-
nostics as well as the condition monitoring since the vibration signals contain plentiful system dy-
namics related information. 

Hertz [1] investigated the contact forces between the rolling balls and races (outer and inner 
races) of bearing through the classic elasticity analysis.  It was the fundamental theory for the ball 
bearing to derive the relationship between the stress and the deformation of the elliptic surface.  The 
Stribeck's equation was formulated to express the maximum normal force of ball bearing as a func-
tion of the radial load, rolling ball number and the contact angle [2]. 

The centrifugal force and gyroscopic moment that are produced from the bearing dynamic load 
are generally negligible in case of low rotating speed.  Under the conditions of high rotating speeds, 
however, the increased centrifugal forces of rolling balls enlarge the load difference between the 
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ball contact surfaces on the inner and on the outer races of ball bearing.  The effect of gyroscopic 
moment increases the friction forces of the ball contact surface concurrently.  Therefore, all the con-
tact angle between the rolling ball and the inner race, the contact angle between the rolling ball and 
the outer race and the ball contact surface deformation change correspondingly under the conditions 
of high rotating speed.  Jones [3] constructed the mathematical expressions for the dynamics of 
bearing components.  Thereafter, the analytical model of ball bearing was derived in terms of the 
radial load, the axial load and the centrifugal force of the rolling ball.  Based on the Hertz contact 
theory, Harris [4] formulated the deformation of bearing components through considering the ball 
centrifugal force, the friction force, the radial and the axial loads.  The relationship between the 
bearing loads and its deformation was also studies, in which both the preload and the backlash in 
the axial direction were involved in the analysis [5]. 

A proper axial preload is generally applied to the angular-contact ball-bearing for the purpose of 
decreasing the effects of the bearing component clearance and increasing the stiffness of the spindle 
system.  The derivations of the contact angles and the component loads of the angular-contact ball- 
bearing for different axial preloads have been summarized by Harris [4].  Furthermore, Antoine et 
al. [6] investigated the mathematical expressions for the dynamics analysis of the angular-contact 
ball- bearing.  In their studies, the contact angles between the rolling ball and the bearing raceways 
(inner and outer races) were described through the geometric relationship analysis of bearing com-
ponents and the dynamics formulations that are parametrized by the preload and shaft rotating speed. 

It is well-known that the characteristic frequencies of defective bearing are governed by the 
geometric properties of bearing as well as the shaft rotating speed.  It is also noted that the contact 
angles of the angular-contact ball-bearing change with respect to the different preloads and the shaft 
rotating speed in the high-speed spindle system.  Namely, the characteristic frequencies of defective 
bearings in high-speed spindle systems are the complicated nonlinear functions of rotating speed 
and preload.  Therefore, the objective of this research is to utilize the genetic algorithm (GA) opti-
mization method for solving the contact angles of the angular-contact ball-bearing under different 
rotating speed and axial preload in high-speed spindle system.  The theoretical characteristic fre-
quencies of defective bearing are then derived accordingly.  The vibration signals that measured 
from the high-speed bearing test rig were then analysed to verify the characteristic frequencies of 
the defective angular-contact ball-bearing experimentally.  The experimental data demonstrated that 
the vibration energy concentration can be observed at the corresponding characteristic frequencies 
whose values are close to the numerical results within a tolerance of 10%. 

 

2. Theoretical model of angular-contact ball-bearing 
The dynamics analysis for the angular-contact ball-bearing is derived based on the geometric re-

lationship of bearing components, the contact deformation resulted from the point load, the cen-
trifugal force effect and the associated force/moment equilibrium in the bearing set. 

While the shaft rotating speed increases, the centrifugal force and the gyroscopic moment be-
come the major loads on the angular-contact ball-bearing.  Therefore, the loads on the inner and 
outer races acted by the rolling balls are dependent upon the rotating speed, and so is the corre-
sponding deformation.  According to the formula in [4], the centrifugal force Fc and the gyroscopic 
moment Mg can be expressed as 
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where d

 represents the diameter, m


 represents the mass, Ω


 represents the rotating speed, J


 repre-

sents the moment of inertia, α

 represents the contact angle and the subscripts m, b, c, o indicate the 

bearing pitch, ball, cage, and outer race, respectively. 
 

 
Figure 1 Dynamic state of angular-contact ball-bearing [6] 

 
As shown in Figure 1, Qi and Qo are the forces that are acted by the ball on the point A of outer 

race and on the point B of inner race.  Let δ represent the deformation, and hence the relationship 
between Q and δ can be formulated as [4] 

 
1.5Q Kδ= ,                                                                 (2) 

 
where K represents the effective elasticity coefficient.  The calculation of the effective elasticity 
coefficients for the inner and outer races can be found in the studies of Houpert [7].  On the other 
hand, the state of force/moment equilibrium can be summarized as [6] 
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where Fp is the axial preload and Z is the number of rolling ball.  The rotating speed of cage Ωc can 
described in terms of the shaft rotating speed Ω and the geometric properties by assuming that the 
velocity magnitude on A and B is equivalent, that is [6] 
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Figure 2  Geometric state of angular-contact ball-bearing [5] 

 
As shown in Figure 2, the preload Fp produces axial force and changes the geometric state of the 

bearing.  The mathematical expression regarding to the geometric state of bearing can be formu-
lated as [5] 
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where αf is the initial contact angle, δ


 represents the ball-race deformation, a


 represents the dis-

tance between the groove curvature and the ball centers, and the subscript i and o represent the inner 
and outer races, respectively.  According to the derivation in [5], δa changes with respect to the dis-
tance of Cip and Cop.  It was also indicated that δa=0 as applying a fixed preload and high rotating 
speed. 

As the formulae of the bearing states that include the effect of centrifugal force and gyroscopic 
moment, the load-deformation relationship, the load equilibrium state and the geometric relation-
ship are constructed, the contact angles between the rolling ball and the bearing raceways can be 
obtained through solving for the independent equations.  Since the equations of the different bearing 
states are nonlinear, the genetic algorithm (GA) optimization approach was utilized in this research 
to find the numerical solutions of the contact angles under the different axial preload and shaft rotat-
ing speed. 

 

 
Figure 3  Contact angles of inner () and outer (*) races 

 
By setting the different axial preloads and shaft rotating speeds, the numerical solutions to the 

contact angles αi and αo of the bearing TP7014 are obtained as shown in Figure 3.  As shown in 
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Figure 3, the contact angle between the rolling ball and inner race becomes large while increasing 
the shaft rotating speed under a fixed axial preload.  In case of applying a fixed rotating speed, the 
contact angle between the rolling ball and the inner race increases as the axial preload increases.  
Contrastively, the contact angle between the rolling ball and the outer race decreases as the in-
creased axial preload and shaft rotating speed. 

 

3. Experiment verification 
As shown in Figure 4, a bearing test rig was performed to simulate the different defective run-

ning conditions of the TP7014 bearing.  The bearing defects were produced artificially on the inner 
race, outer race and the ball, respectively.  The defective bearing was then replaced accordingly for 
the tests of different running conditions.  The vibration amplitude increases while the bearing com-
ponent impacts the point of bearing defect.  Therefore, the vibration energy concentration can be 
observed at the certain frequency bands that are the major characteristic frequencies utilized for the 
defective feature extraction as well as the bearing defect diagnostics. 

 

 
Figure 4 High speed Angular-contact ball-bearing test rig; 

1: motor drive; 2: shaft speed sensor; 3: motor; 4: NI9234 DAQ card; 5: NI9219 DAQ card;  
6: TP7014 bearing test rig; 7: load cell; 8: LabVIEW interface; 9: accelerometer 

 
According to the mechanism of bearing, the characteristic frequencies related to the bearing de-

fects include the shaft rotation frequency fr, the cage rotation frequency fc, the frequency of roller 
passing through one point of outer race fbpo, the frequency of roller passing through one point of 
inner race fbpi, the roller spin frequency fbs and the frequency of one point on the roller passing 
through raceways and cage frp.  The characteristic frequencies can be formulated as 
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3rp bsf f= ,                                                                 (11) 
 

where N represents the shaft rotating speed (unit: rpm), Z is the number of roller, rb represents the 
radius of roller, ri represents the radius of inner race and ro represents the radius of outer race. 

The angular-contact ball-bearing with different defects were installed in the high-speed bearing 
test rig under different combinations of axial preloads and shaft rotating speeds.  The accelerometer 
was utilized to measure the vibrating acceleration and then the vibration signals were captured 
through the data acquisition device.  The axial preload was measured by the load cell.  In the ex-
periment, the shaft rotating speed was set to be 1000-6000 rpm with an increment of 500 rpm.  Ac-
cording to the specification of TP7014 bearing, the axial preload value is selected as 100-900 N 
with an increment of 200 N. 

The vibration measurements were first decomposed into a number of intrinsic mode functions 
(IMFs) by the empirical mode decomposition (EMD) method [8].  Through the EMD process, the 
instantaneous frequency range of each IMF can be determined, and thus the vibration signal com-
ponents within a certain frequency band can be synthesized by adding the corresponding IMFs.  In 
this research, the vibration signal components whose frequency bands are within the range of the 
characteristic frequencies were extracted to compose the information-contained signal, so that the 
signal components which belong to noise or uncorrelated components can be vanished. 

The fast Fourier transform (FFT) method was employed for the spectrum analysis of the com-
posed signals.  Based on the theoretical model of angular-contact ball-bearing, the contact angles 
between the rolling ball and the inner/outer races change with the shaft rotating speed as well as the 
axial preload.  Therefore, the characteristic frequencies were determined numerically according to 
the rotating speed, contact angles and the bearing geometric properties.  The spectrum analysis re-
sults of the vibration measurements are verified to compare the numerical values of theoretical 
characteristic frequencies.  Figure 5-8 show the spectrum examples of the experimental cases that 
include the different combinations of shaft rotating speed and axial preload.  In the figures, the ver-
tical dash lines from left side to right side represent the numerically determined frequency values of 
fc, fr, fbs, fbpo, fbpi and frp. 

 

          
Figure 5 Spectrum of normal bearing;   Figure 6 Spectrum of bearing with outer race 
speed=5000 rpm; preload=500 N    defect; speed=2500 rpm; preload=700 N 
 
Figure 5 shows the vibration signal spectrum of normal bearing in the case that the rotating 

speed is 5000 rpm and the axial preload is 500 N.  As indicated in this figure, the major features of 
the normal bearing are the vibration energy concentration at the shaft rotating frequency fr and the 
cage rotating frequency fc.  Figure 6 shows the vibration signal spectrum of bearing with outer race 
defect in the case of rotating speed of 2500 rpm and axial preload of 700 N.  It can be observed that 
except to the vibration energy concentration at fc, and fr, there is also a spectral peak near the fre-
quency of the rolling ball passing through one point of the outer race, fbpo due to the defect on the 
outer race.  The vibration signal spectrum of bearing with inner race defect under the case of the 
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rotating speed of 5500 rpm and the axial preload of 500 N is shown in Figure 7.  Similarly, it is 
noted that the obvious features of defect on inner race include the spectral peaks at the shaft rotating 
frequency fr as well as its harmonics.  The vibration energy concentration can be also found around 
the frequency of the rolling ball passing through one point of the inner race, fbpi.  Figure 8 shows the 
vibration signal spectrum of bearing with ball defect in the case of rotating speed of 1500 rpm and 
axial preload of 500 N.  By observing the vibration energy around the major characteristic frequen-
cies, it is found that the peaks locate around the shaft rotating frequency fr, the ball spin frequency 
fbs, the frequency of one point on the ball passing through raceways and cage frp, and the frequency 
of the rolling ball passing through one point of the outer race, fbpo.  The major features with regard 
to the rolling ball defect are not obvious relatively.  The possible reasons are that the impact vibra-
tion induced by the rolling ball defect is relatively lower with compared to that of raceway defects, 
and the impact vibration between the ball defect and raceway may not happen due to the direction 
change of the defective rolling ball.  In conclusion, the characteristic frequencies of the vibration 
measurements are close to those that are derived through the numerical solutions of contact angles 
under the different shaft rotating speeds and axial preloads.  As shown in the experimental results, 
the numerically determined bearing characteristic frequencies have accuracy of more than 90%. 

 

 
Figure 7 Spectrum of bearing with inner race  Figure 8 Spectrum of bearing with ball defect; 

defect; speed=5500 rpm; preload=500 N         speed=1500 rpm; preload=500 N 
 

4. Conclusion 
In this research, the theoretical dynamical model of angular-contact ball-bearing was formulated 

in terms of the bearing geometric relationship, force/moment equilibrium and point contact defor-
mation derivation.  The contact angles between the rolling ball and the inner/outer races were then 
resolved numerically based on the theoretical dynamical model through the GA optimization ap-
proach.  The characteristic frequencies related to the bearing defects were determined according to 
the contact angle variations.  The spectrum analysis of the experimental results was employed to 
observe the defective features of bearing.  It is noted that the major features of bearing defects in the 
experiment are the vibration energy concentration at the corresponding characteristic frequencies 
which are close to the numerically determined values within a tolerace of 10%. 
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