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The method of controlling flutter by using a non-rigid wall which has been verified feasible has 
unique advantages. However, the existence of soft wall section can destroy the continue bound-
ary condition. In this paper, we develop a new method--transfer element method to tackle this 

problem by dividing the blade row and liner section as independent elements, respectively. For 
the blade row section, the blade unsteady forces assumed as dipoles source can be calculated by 
using the lifting surface theory. For the liner section, to avoid getting into the trouble of solving 
a complicated eigenvalue function, the method of equivalent source surface will play a positive 
role in tackling such issues by regarding lining walls as series of monopole sources. According 
to the pressure and axial velocity continuity conditions on the cross-section, we can obtain the 
algebraic equations expressed as a matrix expression which can be solved to obtain the un-

known coefficients. It can be found that the change of admittance will result in significant 
changes in not only lift coefficient but also moment coefficient which can be cited to determine 
whether a blade flutters or not. 

 Keywords: cascade oscillation, transfer element method, lifting surface method 

 

1. Introduction 

During the past few decades, various approaches of passive flutter control techniques for tur-

bomachinery rotors hold the promise in controlling various types of flutter. The proposed methods 

can be summarized into three main categories 1) mistuning, 2) aero-elastic tailoring, 3) dry friction 

and mode shape control. In addition to the above method, a novel way of suppressing blade flutter 

by using casing treatment has been verified by numerous researchers. Watanabe and Kaji [1] used a 

three-dimensional semi-actuator disk model to investigate the effects of a non-rigid wall on the aer-

odynamic damping, which can influence the aero-elastic stability of the blade. Guided by the meth-

od of equivalent source surface [2], Namba, Yamasaki and Kurihara [3] treated the non-rigid wall 

as a series of monopole sources, and the effects of the non-rigid wall was obtained by solving three-

dimensional linearized Euler Equations under a hard wall boundary condition. Both of their studies 

have showed that a soft wall can influence aero-elastic stability to a certain degree. Recently the 

active control method has gained some achievements on this problem. An adjustable-wall-

impedance model presented by Sun [4] can realize the active control. It has been known that non-

rigid wall boundary condition takes effect on the flow field or acoustic field by the variation of the 

eigenvalues. Hence the core of the method is how to calculate the eigenvalues for a lined duct 

which is a thorny problem for a long time. Furthermore, the typical cascade flutter problem general-

ly occurs in compressors or turbines so we should focus on three-dimensional annular duct. Howev-

er, the blade rows in the above models including the adjustable-wall -impedance model are still 

placed between two parallel walls with infinite-length casing treatment. So a three-dimensional an-

nular duct model will be required inevitably to realize the control of blade flutter.  
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In turbomachines, cascade flutter is in general characterized by the inter-blade phase angle of os-

cillation which means that the neighboring blade rows can influence the unsteady aerodynamic 

force via the aero-acoustic interaction between blade rows. Inspired by the fact, the interaction of a 

neighboring liner section on oscillating blades will be a critical factor for controlling effect. So it is 

of great importance to take such interaction mechanism into consideration. The theory of the trans-

fer element method (TEM) proposed by Wang [5] which is just focused on this problem has been 

proved is a reliable technique to cope with the interaction between different acoustic element. The 

relevant work has been paid attention by Yang [6]. Based on the transfer element method, the aero-

elastic model is developed by considering finite-length casing treatment. However, the wall surface 

remain be considered as two parallel walls. In order to destroy such limitation, in this paper the so-

lution will be extend to a three dimensional annular duct with finite acoustic treatment length.  

 

Figure 1: Analysis model included a liner section of finite length in an infinite duct 

As shown in Fig.1, a model based on the transfer element method is constructed to investigate 

how a liner section will control blade flutter in a three-dimensional annular duct with a subsonic 

flow field. First, our model is comprised of two parts: blade row section and liner section. For the 

blade row section, given a known mode of blade vibration, the lifting surface theory suggested by 

Namba [7] can be utilized to calculate the intensity of the sound sources. Then the generated sound 

waves are expressed as a form of corresponding acoustic modal superposition. For a liner duct, the 

existing method of equivalent source surface is still an effective tool for obtaining the sound field in 

the duct. Secondly, the mode-match approach will be used to connect both elements. Then as we 

expected, we can get a matrix expression combined the two elements for all unknowns which have 

been given on the interface plane. Finally some numerical cases have been done here. The results 

indicate that the variation of wall boundary condition will result in significant changes of unsteady 

aerodynamic damping which is essence of this problem. 

2.  Mathematical mode 

2.1 The lifting surface theory 

For a rotor blade, the loading on the blade surface can be treated as diploe source. Considering 

that the ( )s y stands for surface area, the perturbation pressure induced by the oscillating blades can 

be shown as 
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Now taking into account for all the blades, the total sound field in the duct can be shown as  
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Considering the basic fact  
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 Let 
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V
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  as an integer to represent the inter-blade phase parameter. According to the resi-

due theorem and the momentum equation, the normal perturbation velocity will be finally got as: 
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where 
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Based on the lifting-surface method, the eigenfunction can be expanded as the form of

, 0 0
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1K , 2K  and  3K   denote the downstream pressure wave kernel function, upstream pressure 

wave kernel function, and vortex wave kernel function successively and the expression of the kernel 

function can be expressed as 
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Because of the rigidity of the blade, the normal perturbation velocity must be satisfied with the 

no penetration condition in the form as  

 , 0  
  iv w  (12) 

To solve the Eq.(12), the expansion technique is used here to tackle the unsteady forces

p .Considering the distribution of the unsteady forces in new coordinate axis  and rwhich can be 

converted from z and r .So the distribution of the unsteady forces can be expressed as: 
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Then the integral function can be written as a series of equation sets 
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2.2 The transfer element method 

The model shown in Fig.2 is combined by a rotor blade row section and a liner section. In the ro-

tor blade row section, in addition the reflecting waves
,1

Ap  ,

,1

Bp  and

,1

Aw , there are also scattering 

pressure waves sp  and vortex wave sw .  

In order to construct a transfer element for a rotor blade, the key lies in how to express the scat-

tering waves as the explicit function of standing waves. As shown in Fig.2, The standing wave can 

be obtained as 
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where 


P

mA  is modal expansion coefficient. 
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(a) (b)  

Figure 2: Analysis model: (a) the blade row section model in an infinite model, (b) the model for an acoustic 
liner section in an infinite duct 

According to the lifting-surface method introduced in the preceding section, the scattering wave 

on interface A caused by the wave
,1Ap can be expressed as  
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In this way, the other scattering wave can also be obtained as the form of modal expansion coef-

ficient. As to the liner section the standing wave p can be expressed as 
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Inspired by the equivalent surface source method, we regard the wall admittance as series of 

monopole sources. So the disturbance wave spcan be expressed as 
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The corresponding boundary condition is 
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where f

nV is the velocity perpendicular to liner surface, and zkZ is non-dimensional characteristic 

impedance.  

In order to describe the scattering waves in an explicit expression of wave coefficients 


P

mA and



P

mD , some special mathematical techniques is applied here. The details can be consulted from Ref. 

[6]. It can be proved that 
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where 



P
mA

nQ and 



P
mD

nQ  can also be referenced in Ref. [6]. 

Considering the pressure and axial velocity continuity conditions on the different cross-section, 

the transfer elements B C and F G denote a blade row section and a liner section, respectively. 

The related matrix equation can be written as 
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3. Numerical results 

3.1  Comparison with the existing numerical results  

To validate our model, a comparison with the existing work [8] has been conducted. As men-

tioned in Ref. [8], we define the aerodynamic work as 
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In this paper the blade displacement l  composed of first order bending mode and first order tor-

sion mode can be specified as 
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   

l l e

rr
l r z H C h r r z z

U U
 (29) 

H  and   denote the translational displacement amplitude of the bending vibration and the angle 

displacement amplitude of torsion vibration, respectively.  1h r  and  r  denote the vibration 

mode of bending and torsion.  

 
Figure 3: A Comparison with Namba’s numerical results. 0.4 h dh R R , 0.86604tM , 0.35rM ,

30BN , 0.1  , 1H ,   ie  

A case in Fig. 3 shows that the aerodynamic work coefficient varies with the inter-blade phase 

angle. The comparison between Namba’s result and our model’s under the same condition has 

showed a good agreement with each other. So our model is reliable in predicting the blade stability  
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3.2 Numerical results for a rotor blade row 

For the final calculate, we define the lift coefficient and the moment coefficient for torsion vibra-

tion as： 
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 (31) 

It can be seen that the change of the wall admittance can cause apparent effect on moment coef-

ficient. As we all known, whether the blade flutter or not, it depends on the imaginary part of the 

moment coefficient, i.e. if the 0
Mai

tC  , the system become unstable, otherwise stable.In the paper, 

two cases are cited here to demonstrate the effect of casing treatment on aero-elastic stability. The 

moment coefficient of case one is plotted against the vibration of the inter-blade phase angle in Fig. 

4. The Fig. 4 (a) stands for the real part of numerical results while the Fig. 4 (b) stands for the imag-

inary part. 

(a) (b)  

Figure 4: Effect of inter-blade phase angle on the lift coefficient due to torsion motion: 0.2 h dh R R , 

1.0Rd m, 0.86604tM , 0.35rM , 30BN , 0.28  s b ,
  ie , 10   .soft wall 1

 0.1, 2.0 Z ,soft wall 2  0.1, 4.0 Z  
 ()   
The case 1 is shown in Fig. 4. It can be noted that for hard wall boundary condition plotted in a 

solid line the system become stable expect the interval of inter-blade phase parameter around

IBPP 7 6   , while the blade can become stable in the unstable interval by letting the imped-

ance has the value of (0.1,-2.0). However, the original stable inter-blade phase parameters

IBPP 5  become unstable under such boundary condition. When the value of the impedance is 

(0.1,-4.0), It is turn to inter-blade phase parameters IBPP 4  become unstable. According to these 

plots the most striking feature is that the liner may play a counterproductive role on the aero-elastic 

stability, when the blade at some specific work conditions. 

From the case 2 shown in Fig. 5, we can also conclude that the impedance will have a positive 

effect on the stability by letting the impedance has the value of (0.01, -1.7) when the inter-blade 

phase parameter IBPP -1 . On the other hand, if the impedance is adjust to (0.01, -4.0), the liner 

can play a counterproductive role on the aero-elastic stability of the inter-blade phase parameter

IBPP -5 and IBPP -4 . 
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(a) (b)  

Figure 5: Effect of inter-blade phase angle on the lift coefficient due to torsion motion: 0.2 h dh R R , 

1.0Rd m, 0.86604tM , 0.3rM , 30BN , 0.3  s b ,   ie , 30   .soft wall 1  0.01, 1.7 Z ,soft 

wall 2  0.01, 4.0 Z  

4. Conclusion 

We have constructed a model based on the transfer element method to investigate how a liner 

section can control blade flutter in a three-dimensional annular duct with a subsonic flow field. In 

the present work, the effect of the liner on aero-elastic stability has been proved again. The most 

expressive phenomenon is that there is indeed some possibility of designing a liner to control blade 

flutter. Expect for some special conditions, the liner may have negative effect on suppressing blade 

flutter. The liner has already been applied to suppress noise in modern commercial aero-engine, 

however, it is crucial to insure the liner for suppressing noise has a positive effect on blade oscilla-

tion in the design stage. 
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