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The analysis of the vibration responses for stacked solar arrays exposed to a reverberant acous-
tic excitation has been a heated research subject in the field of spacecraft structural dynamics for 
years, since the thin and light solar arrays are very sensitive to the acoustic field which could 
bring about severe damage to the structure.  This type of analysis is very difficult, because the 
peculiar random acoustic excitation is hard to simulate accurately, and the solar array panels are 
strongly coupled with the  the narrow cavities between the panels.  The FEM (Finite Element 
Method)-BEM (Boundary Element Method) method provides an effective way to analyze this 
coupling problem in the low frequency (eg, below 100Hz).  Usually, the plane waves are ap-
plied to simulate the reverberant acoustic field.  This paper presents a method to model an 
acoustic diffuse field by combining uncorrelated plane waves linearly and proves its veracity 
theoretically. The parameters for each plane wave are also obtained through derivation in the 
paper. After that, the vibro-acoustic problem for spacecraft solar arrays is simulated using FEM-
BEM method and the results are validated by the test data, which shows that the method is theo-
retically correct and could be used to analyze the vibro-acoustic response of spacecraft.  Besides, 
it is shown that there is a notable SPL (Sound Pressure Level) increase in the narrow air gaps 
between panels if the excitation frequency becomes closer to the narrow cavity resonance 
modes. 
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1. Introduction 
The analysis of the vibration responses for stacked solar arrays exposed to a reverberant acoustic 

excitation is very important, since the thin and light solar arrays are very sensitive to the acoustic 
field which could bring about severe damage to the structure.  Such analysis is difficult, because the 
peculiar random acoustic excitation is hard to simulate accurately, and the solar array panels are 
strongly coupled with the narrow cavities between the panels.  The FEM (Finite Element Method)-
BEM (Boundary Element Method) method is usually believed to be an effective way to analyze this 
coupling problem in the low frequency (eg, below 100Hz).  
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Figure 1: Schematic of the solar array  

This paper presents a method to model an acoustic diffuse field by combining uncorrelated plane 
waves simply, which improves the analysis efficiency greatly for the FEM-BEM approach. And 
finally, the vibro-acoustic problem for spacecraft solar arrays is simulated using FEM-BEM method 
and the results are validated by the test data.   

2. Basic theory of coupled FEM-BEM 

2.1  Equations of coupled FEM-BEM analysis 
The coupled FEM-BEM equations are established as follows, if the structural parts are mod-

eled by FEM and the acoustic fields with BEM. 
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Where, K、C、M are the structure stiffness、damping and mass matrix respectively; ω is the fre-
quency；Lc is the coupled matrix; ρ0  is the air density; D is the boundary effect matrix; Fs is the 
force vector excited on the structure;  Fa  is the acoustic vector ; μ is the displacement vetor; q is 
the pressure jump on the boundary element (Indirect BEM). 

Transform equation (1), 
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Where H is the transmission function matrix.  If {Fs}=0，then 
{μ}=H12×{Fa}                                                                   (3) 

Where H12 is the transmission function matrix between the acoustic excitation and the structural 
vibration response.  If the acoustic load are random, then 

 Sμμ=H12·SAA·H12
H                            (4) 

Where Sμμ and SAA are power spectral density of structural displacement response and that of the 
acoustic load respectively. 

2.2 Acoustic diffuse field modeled by combining uncorrelated plane waves linearly 
The plane waves are distributed evenly along the longitude and the latitude of a fictitious 

sphere (corresponding to the 4π solid angle) as shown in Fig.2. 

Acoustic cavity 

Side structural plate 



ICSV24, London, 23-27July 2017 
 

 
ICSV24, London,23-27July 2017  3 

 
Figure 2:  The distribution of plane waves 

Suppose θ = [θ1, θ2,…, θm] in the longitudinal direction，where θ1 = π/(2m) in the latitudinal 
direction，θi = θ1+π×(i-1)/m，(i = 2, 3,…, m) and ψ = [ψ1, ψ2,…, ψn]，where ψj=2πj/n，(j=1, 2, 
3,…, n). Then, totally m×n uncorrelated plane waves PWij，with directions represented by [θi, ψj] 
are obtained. 

If each plane-wave sound pressure amplitude is symbolized by Pij，and the reverberant sound 
pressure is P0, the following relations should be established. 
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For each plane wave PWij，with the direction [θi, ψj] and the solid angle sinθi×Δθ×Δψ，where 
Δθ=π/m，Δψ=2π/n, the energy in the solid angle is Pij

2/(2sinθi×Δθ×Δψ). 
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From equations (5) and (6)，Pij can be derived as follows.  
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For the plane wave PWa (a=1, 2,…, m×n), with the direction angle [θa, ψa] and the pressure pa，

set the wave number by k and define the three components of k by ka,x = ksinθa×cosψa，ka,y = 

ksinθa×sinψa and ka,z = kcosθa. If there are l nodes on the coupling area, and the coordinates for 
each node are [xu, yu, zu]，(u=1, 2, …, l)，then the acoustic load matrix for plane waves Pl×(m×n) 

is derived as follows. 

 
( )

( )

( )

( )

( )

( )

1 1 1 1 1 1 , 1 , 1 , 1

1 1 1 , , ,

-i -i×1

-i
× ×

i -i1 ?

e e
2 2

e
2

e e
2 2

x y z m n x m n y m n z

a,x u a,y u a,z u

,x l ,y l ,z l m n x l m n y l m n z l

k x k y k z k x k y k zm n

k x +k y +k za
l m n

- k x +k y +k z k x k y k zm n

pp

p

p p

× × ×

× × ×

⋅ + ⋅ + ⋅ ⋅ + ⋅ + ⋅

⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅ + ⋅ + ⋅

⎤⎡
⎥⎢
⎥⎢

= ⎥⎢
⎥⎢
⎥⎢
⎥⎢⎣ ⎦

, , ,

... ...M MP

             

(8) 

The auto-spectral density matrix is 
 H

AA l m n l m n× × × ×≈ ⋅ ⋅( ) ( )S P I P               (9) 

Where  SAA  is Hermite matrix，SAA∈Cl×l； I  is unity. 
Now prove SAA in equation (9) meets the requirement for reverberant sound field. 
From equation (5) 
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Where SAA,uu、SAA,uv are auto-spectral and cross-spectural density between node u and node v 
respectively. 
Simplify equation (11)， 
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From equations (10) and (14)，it can be derived as follows.  
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If m and n are infinite numbers, i.e. Δθ→0、Δψ→0，then 
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Where cos sin cos sin cos sin sin sin sin cos cosβ θ ψ ϑ α θ ψ ϑ α θ ϑ= + + .  From equation (16) and (15), it 
can be seen that 
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From equations (9) and (4)，the structural responses can be calculated. 
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Where the a column of the matrix R symbolizes the load for the plane wave PWa. 

3. Numerical calculation and verifications 

3.1 Acoustic diffuse field modeled by combining uncorrelated plane waves linearly 
Numerical calculation is realized by MATLAB.  Set m = n = 10，r = 0.2 m， / 3ϑ = π , / 7α = π ,

600ω = π，and random phases for each plane wave. Finally, the cross-spectral density uvγ =0.8108，
and the theoretical one is 0.8073，with error of 0.43%.  Set m=20，n=10，Then uvγ =0.8082，and 
the error is 0.11%.  That shows the derivations in this paper is correct, and the analysis results 
should be better if m and n becomes bigger. 

3.2 Comparison of DBEM and IBEM 
Comparison of DBEM (Direct Boundary Element Method) and IBEM  (Indirect Boundary 

Element Method) are shown in Fig.3.  It can be seen that there is little difference between them so 
far as the main peak responses are concerned. 

 

.  
 (a)  One Sensor 

 
(b) average of all sensors 

Figure 3:  Comparison between the pressure PSD result of DBEM and that of IBEM 
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3.3 Response analysis and verification 
Here we analyze a spacecraft model with solar arrays under diffuse sound excitation.  Fig.4 

shows the SPL of the diffuse acoustic field. 

 
Figure 4:  The SPL of the diffuse acoustic field 

Three load cases are compared by 4×6 plane waves, 5×10 plane waves and 15×12 plane waves.  
It can be seen from Fig.5 that 50 plane waves are enough in general for similar analysis. 

        
 

(a) sensor 1                                          (b)  sensor 2 

Figure 5:   Calculation results comparison of two measurement points in three load cases 

It is shown in Fig.6 that there is a notable SPL (Sound Pressure Level) increase in the narrow 
air gaps between panels if the excitation frequency becomes closer to the narrow cavity resonance 
modes. 

 
Figure 6:   Comparison between the inside and outside pressure   

Fig.7 shows the analysis response results compared with the test data on the four acceleration 
sensors. The errors for 4 sensors are1.5dB,2.2dB,-0.7dB and -0.9 dB respectively, which are ac-
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ceptable in the engineering view. 

      
 

(a)  Sensor 1                                    (b) Sensor 2 

    
 

(c) Sensor3                                         (d) Sensor4 

Figure 7:  Comparison between the analysis data and test data (load case 2) 

4. Conclusions 
This paper presents a method to model an acoustic diffuse field by combining uncorrelated 

plane waves linearly and proves its veracity theoretically. The parameters for each plane wave are 
also obtained through derivation in the paper. After that, the vibro-acoustic problem for spacecraft 
solar arrays is simulated using FEM-BEM method and the results are validated by the test data, 
which shows that the method is theoretically correct and could be used to analyze the vibro-acoustic 
response of spacecraft.  Besides, it is shown that there is a notable SPL (Sound Pressure Level) in-
crease in the narrow air gaps between panels if the excitation frequency becomes closer to the nar-
row cavity resonance modes and the coupling effects between panels and the air gaps must be con-
sidered.  
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